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Abstract

This paper is devoted to studying the null and approximate controllability of two linear
coupled parabolic equations posed on a smooth domain Q of RY (N > 1) with coupling terms of
zero and first orders and one control localized in some arbitrary nonempty open subset w of the
domain 2. We prove the null controllability under a new sufficient condition and we also provide
the first example of a not approximately controllable system in the case where the support of
one of the nontrivial coupling terms intersects the control domain w.
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1 Introduction

1.1 Presentation of the problem and main results

Let T > 0, let Q be a bounded domain of RY (N € N*) of class C? and let w be an arbitrary
nonempty open subset of Q. Let Qr := (0,7) X Q, gr := (0,T) x w and X7 := (0,T) x 9Q. We
consider the following system of two parabolic linear equations with variable coefficients and coupling
terms of order zero and one

Owyr = div(di Vi) + g11 - Vi + g12 - Vyo + a11y1 + arzye + Lyu  in Qr,

Oryo = div(daVya) + g21 - V1 + g2 - Vo + a21y1 + azoys in Qr, (11)
y=0 on Y, '
y(ov ) = yO in Qv

where y° € L?(Q)? is the initial condition and u € L?(Qr) is the control.

The zero and first order coupling terms (a;;)1<; j<2 and (gi;)1<i,j<2 are assumed (for the moment)
to be in L>®(Q7) and in L>(Q7)", respectively. For [ € {1,2}, the second order elliptic self-adjoint
operator div(d;V) is given by

N
div(d)V) = Y 9;(d9;),

i,7=1
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with 3
d;j € LOO(QT)?
d = d}' in Qr,

where the coefficients dfj satisfy the uniform ellipticity condition

N
> dPGg > dolé)* in Qr, VE€RY,

ij=1

for a constant dy > 0.
It is well-known (see for instance [25, Th. 3-4, p. 356-358]) that for every initial data y° € L%(()?
and every control u € L?(Qr), System (1.1) admits a unique solution y in W (0,T)?, where

W(0,T) := L*(0,T; Hy(Q)) N H*(0,T; H*(2)) < C°([0,T); L*(2)).

In this article, we are concerned with the approximate or null controllability of System (1.1). Let
us recall the precise definitions of these notions. We say that System (1.1) is

e approzimately controllable on (0,T) if for every initial condition y° € L2(02)?, every target
y' € L?(Q)? and every ¢ > 0, there exists a control u € L?(Qr) such that the corresponding
solution y to System (1.1) satisfies

lly(T,-) - yl||L2(sz)2 <e.

e null controllable on (0,T) if for every initial condition y° € L?*(Q)?, there exists a control
u € L?(Q7) such that the corresponding solution y to System (1.1) satisfies

y(T,-) =0 in Q.

It is well-known that if a parabolic system like (1.1) is null controllable on (0,T), then it is
also approximately controllable on (0,7") (this is an easy consequence of usual results of backward
uniqueness for parabolic equations as given for example in [11]).

We recall that the case ag; # 0 and go1 = 0 in (tg,%1) X wo C ¢r has already been studied in [27].
In the present paper, we study the following case: There exists to,t; € (0,T) satisfying to < ¢; and
a nonempty open subset wg of w such that

g21 7é 0 in (to,tl) X wo. (1.2)

As we will see in Section 2, it is possible, with the help of appropriate change of variable and unknown
(we lose a little bit of regularity on the coefficients though, see Section 2), to replace the coupling
operator go1 -V +a2; by the simpler coupling operator 0., (where z; is the first direction in space), at
least locally on some subset of g7. Hence, without loss of generality, we will work under the following
condition:

CONDITION 1.1. There exists to,¢; € (0,T) satisfying tg < ¢; and a nonempty open subset O of wq
such that
g21 - V + as1 — 811 on OT = (to,tl) x O.

For a nonempty open set wp C RNT! let us denote by CP,, . (wr) the subset of C°(@r)
composed by the functions depending only on the variables ¢, xo, x3, ..., xn. For some functions
ag, - ar : RN x R — R, we denote by (a, ..., aR>c9 (@p) the C? 4y wn ([@r)-module generated

£, L0, T N 3L 25000y
by a1, ...,ar, i.e. the set composed by the functions Zil oia; with o € CP,, . (@r).

Additionally to Condition 1.1, we will assume the following condition:
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CONDITION 1.2. We assume that d¥ € ¢V 3@ )WL (Qr), gk € CN* (@) NL(0, T; WL ()

and a;; € CN*+2(@wy) for every i,j € {1,2} and k,l € {1,..., N}. Moreover, there exists a nonempty
open set wp C (tg,t1) x O such that

@32 is not an element of the C,, . (wr)-module
<1 §”2 gN d22 dNN> ’ (13)
9 J229 =0 J225 W2 9 ey U2 cgsz_”mN(wT)’
where
= R Py
= g5, — Oy.ds,
922 *= 922 j;l LF) (1.4)

522 = —a92 + diV(ggg).

Remark 1. Condition 1.2 will be crucial in our following results, but is closely related to the particular
form for the coupling term given in Condition 1.1. We assume Condition 1.1, since the general form
(1.2) would make Condition 1.2 impossible to write down explicitly.

Our main result is the following:

THEOREM 1. Assume that Conditions 1.1 and 1.2 hold. Then System (1.1) is null controllable on
(0, T). Moreover, the corresponding control u satisfies

lull 2@z < Clly® 2oz, (1.5)
where C > 0 does not depend on y°.

Remark 2. Condition 1.2 is a generalization to the N-dimensional case of Theorem 2 in [24]. More
precisely, the condition in Item (e) of Remark 1 in [24] is exactly (1.3) in the one dimensional case.
Condition 1.2 is clearly technical since it does not even cover the case of constant coefficients studied
in [24], the result proved in [12] under some assumption on the control domain or the one-dimensional
result given in [23].

Remark 3. For some studies of control problems (see for instance [24, Th. 2] or [21]), the application
of the fictitious control method combined with the algebraic solvability requires the use of a computer,
so that the obtained coupling conditions cannot be written with a general form available for any space
dimension (see [21]). This remark has already be done in Item (f) of Remark 1 in [24]. In the present
paper, we propose an explicit strategy without these constraints, that seems to the authors to be
sharp with respect to the technique used (see the proof of Theorem 1).

Remark 4. Theorem 1 is stated and will be proved in the case of two coupled parabolic equations
and one control. However, as in [24], it is possible to extend Theorem 1 to systems of n parabolic
equations controlled by n — 1 controls for arbitrary n > 2. More precisely, consider the system

O = div(diVyr) + Yoiy g1i - Vi + Do g aniyi + Loug in Qr,
Opyr = div(daVya) + Yoy g2i - Vyi + Yoy a2iyi + Lous in Qr,

6tyn—1 = div(dn—1Vyn—1) + EZL:l 9(n—-1)i * vyz + Zle A(n—1)iYi +1,up—1 in QT7 (16)

Oyn = div(dn V) + >ory Gni - Vi + D op ) anili in Qr,
y1=.-..=y, =0 OI’IZT,
y1(0,:) =9l .., wn(0,:) = uh in Q,

where y° := (y9,...,90) € L?(Q)" is the initial data and u := (u1,...,u,—1) € L?(Qr)" ! is the
control. Let us suppose that there exists ¢ € {1,...,n}, to, t1 € (0,T) satisfying to < t; and a
nonempty open subset wy of w such that g,;(t,z) # 0 on (tg,t1) X wp. As explained in Section 2, we
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can suppose that the operator g,; - V + a,; is equal to 9., in (fo,¢1) x O with O CC wp. Assume
that there exists an open set wr C (tg,t1) X O such that

Qnp is not an element of the CP, . (@r)-module
(1,025 s G, d3%, . dYY)

€Oy any @)
where
- N ¥
gnn R gnn Z 890;‘ dn'm
Jj=1
A = —Gnp + div(gnn).

Then we can adapt the proof of Theorem 1 to prove that System (1.6) is null controllable on (0,T)
under suitable regularity conditions on the coefficients.

One question that naturally arises is whether we can expect the null controllability to be true in
general that is without the extra Condition 1.2 on the coefficients or not. The next result explains
that null controllability may fail in some particular cases when Condition 1.2 is not satisfied. Hence,
the establishment of a simple necessary and sufficient condition on the coupling terms for the null
controllability of System (1.1) remains an open problem.

THEOREM 2. Consider the following system

Owy1 = Oratn + Lyu in (0,T) x (0,7),

Oz = Ouayp + aya + pyr in (0,T) x (0,7), (1.7)
y(-,0) =y(,m) =0 on (0,7T),

y(0,) =9° in (0, 7).

There exists a coefficient a € C*°([0, x]) such that:

1. There exists an open interval w CC (0,7) such that, for all T > 0, System (1.7) is null
controllable (then approzimatively controllable) on (0,T).

2. There exists an open interval w CC (0,7) such that, for all T > 0, System (1.7) is not approz-
imatively controllable (then not null controllable) on (0,T).

Remark 5. Let us mention that Theorem 2 is the first negative result for the controllability of System
(1.1) when the support of the coupling term intersects the control domain in the case of distributed
controls (concerning boundary controls, a complete characterization in the case of cascade coupling
terms of order 0 or 1 has already been obtained in [31, Theorem 3.3] in the one-dimensional case).

Remark 6. Theorem 2 tells us that for some well-constructed potential a, that there exists one control
domain on which System (1.7) is not approximately controllable (hence not null controllable) and an-
other control domain on which System (1.7) is null controllable (hence approximatively controllable),
highlighting the fact that some geometrical conditions on the control domain has to be imposed in
order to obtain a controllability result, as already remarked in [31] and [17]. The authors want to
emphasize the fact that the coupling operator is different of zero (constant) in the whole domain and
nevertheless the system can be controllable or not following the localisation of the control domain,
which is an unexpected phenomenon.

Remark 7. The proof of Theorem 2 can be adapted to construct, in the N dimensional case, not
approximately controllable systems with a non empty intersection of the support of the coupling
terms and the control region. An example of such systems is given in Proposition 4.1.
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1.2 State of the art

Many models of interest involve (linear or non-linear) coupled equations of parabolic systems,
notably in medicine (see e.g. [26]), chemistry (see e.g. [16]), ecology (see e.g. [18]), etc., and this
explains why during the past years, the study of the controllability properties of linear or nonlinear
parabolic systems has been an increasing subject of interest (see for example the survey [7]). The
main issue is what is called the indirect controllability, that is to say one wants to control many
equations with less controls than equations, by acting indirectly on the equations where no control
term appears thanks to the coupling terms appearing in the system. This notion is fundamental, since
in some complex systems only some quantities can be effectively controlled. Here, we will concentrate
on the previous results concerning the null or approximate controllability of linear parabolic systems
with distributed controls, but there are also results concerning boundary controls or other classes of
systems like hyperbolic systems.

First of all, in the case of zero order coupling terms, the case of constant coefficients is now com-
pletely treated and we refer to [5] and [6] for parabolic systems having constant coupling coefficients
(with diffusion coefficients that may depend on the space variable though) and for some results in the
case of time-dependent coefficients. In the case of zero and one order coupling terms and constant
coeflicients, a necessary and sufficient condition in the case of m equations and m — 1 controls for
constant coefficients is provided in [24] by the authors.

The case of space-varying coefficients remains still widely open despite many new partial results
these last years. In the case where the support of the coupling terms intersects the control domain,
a general result is proved in [27] for parabolic systems in cascade form with one control force (and
possibly one order coupling terms). We also mention [4], where a result of null controllability is
proved in the case of a system of two equations with one control force, with an application to the
controllability of a nonlinear system of transport-diffusion equations. In the situation where the
coupling regions do not intersect the control domain, the situation is still not very well-understood
and there are only partial results. Some general results in one dimension has been obtained in [17]
and [8]. Partial results has also been obtained under some strong technical conditions on the coupling
terms (see [1] and [3]) or geometrical conditions, notably on the control domain (see [32]).

Let us mention that in this case, there might appear a minimal time for the null controllability
of System (1.1) (see [9]), which is a very surprising phenomenon for parabolic equations, because of
the infinite speed of propagation of the information.

Concerning the case of first order coupling terms, we mention [27] which gives some controllability
results when the coefficient go; is equal to zero on the control domain. Let us also mention the
recent work [12], which concerns 2 x 2 and 3 x 3 systems. The authors of [12] suppose that the
control domain contains a part of the boundary 9. Recently, in [23], the first author studied a
particular cascade system with space dependent coefficients and in dimension one thanks to the
moment method, and obtained necessary and sufficient conditions on the coupling terms of order 0
and 1 for the null controllability. To conclude, let us also mention another result given in [24] by the
authors, which provides a sufficient condition for null controllability in dimension one for space and
time-varying coeflicients under some technical conditions on the coefficients, which turns out to be
exactly equivalent to Condition 1.2 under Condition 1.1 (but with more regularity than in Condition
(1.2)). Hence, Theorem 1 can be seen as a generalization in the multi-dimensional case of the one-
dimensional result given in [24]. For a more detailed state of the art concerning this problem, we
refer to [24].

Hence, the present paper improves the previous results in the following sense:

e Contrary to [12, 30, 23, 24], we prove in Theorem 1 the null controllability of System (1.1)
with a condition on agy but for space/time dependent coefficients, in any space dimension and
without any condition on the control domain.

e In the previous results, it was surprising to have some very different sufficient conditions for the
null controllability of System (1.1) in the case of first order coupling terms, for example on one
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hand constant coupling coefficients and on the other hand a region of control which intersects
the boundary of the domain. Through the example of a not approximately controllable system
given in Proposition 4.1 and Theorem 2, we can now better understand why such different
conditions appeared since the expected general condition for the null controllability of System
(1.1) with space and time-varying coefficients (i.e. it is sufficient that the control and coupling
region intersect) may be false in general if w CC .

This paper is organized as follows: in the first section, we explain how to replace (1.2) by Condition
1.1 thanks to an appropriate change of variable. The second section is devoted to the proof of Theorem
1. Finally, in the last section, we prove Theorem 4.1 and give an example of N dimensional system
which is not approximately controllable and with a non empty intersection of the support of the
coupling terms and the control region.

2 Simplification of the coupling term

In this section, we will prove that it is possible to replace locally the coupling operator go1 - V + ao;
by Or,, where x; is the first direction in space. Let us remark that the regularities stated in Lemma
2.1 are higher than the one stated in Theorem 1 due to technical reasons appearing in the proofs of
Lemmas 2.1 and 2.2.

Lemma 2.1. Let dj', g, aij € CN*+4([tg, 1] x @o) for every i,j € {1,2} and k,1 € {1,..,N}.
Suppose that Condition (1.2) is verified. Then, there exist a nonempty open subset U of RN=1 a
positive real number € and a CN2+3—diﬁeom0rphism A from U = (to,t1) x (0,e) x U to an open
set (to,t1) x O C (to,t1) X wo that keeps t invariant and such that if we call 1 = y1 o A and
Uo := ya o A, then there exist a matriz dy € My (CN T3(UL)), a vector oy € (CN T3(UL))N and
coefficients as1, oo € CN2+3(U5) such that locally on U, one has

Ay = div(daVia) + Goo - Vijo + a22¥jo + O, §1 + 2171 in U.. (2.1)

This kind of simplification has already been used in [12, Lemma 2.6] for example, and we refer to
this article for a more detailed proof (see also [23]).

Proof of Lemma 2.1
Let us consider some open hyper-surface v of class C*° included in wg on which gs; - v < 0, where v
is the normalized outward normal on «y (this can always be done since go1 # 0 on (tg,t1) X wo and is
at least continuous), small enough such that it can be parametrized by a local diffeomorphism

F:sg:= (SQ,...,SN)EUCRN_I'—)F(S(])E’Y,

where U is a nonempty open set. We call 7 := (to,t1) x 7. Let us consider some CV *+4 extension
of go1 (that exists thanks to the regularity of v and go;) that we denote by g1, : (t,2) € RNF!
(0, go1(t, z)) € RVN*1. Using the Cauchy-Lipschitz Theorem, we infer that for every (¢,0) € y7, there
exists a unique global solution to the Cauchy Problem

%(I)(ta S, U) = ggl(q)(t’ S, U))7
®(t,0,0) = (t,0).

Since @ is continuous and g1 - v < 0 on 77, we deduce that there exists some £ > 0 such that
D(t,s,0) € (to,t1) X wo for every s € (0,¢) and every (t,0) € yr. We define

At (ts,2) € (to,t1) x (0,6) x U > B(t, 5, F(2)).
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Then, by the inverse mapping theorem, A is a CN2+4—diffeomorphism from U; to (to,t1) x O := A(Ue)
with O C wp. Let us call 31(t,s,2) := y1(A(t, s,2)) and ya(t, s, z) := ya(A(t, s, 2)), then it is clear
that

atgi(ta 5, Z) = (8tyz) o A(tv S,Z) for i = ]-7 2 and 85&2@7 S, Z) = (921 ! Vy2) © A(t, S, Z)7
and hence we obtain (2.1) and the regularities wished for the new coefficients by writing down the
equation verified by . [ ]

Let us now perform a second useful reduction.

Lemma 2.2. There ezxists an open subset O of U, and a function 0 € CN2+4(Q) such that |0(x)| = C
for some constant C > 0 and if

Y (t,.%') = 9_1@71‘):’&1“7%)
and
yQ(t7 J}) = 9_1(t7 l‘)ﬂg(t, J}),

then there exists some coefficients Gay € CNV 12(Or) and oy € CN +3(Or)N such that locally on Or
one has

Oy = div(daVTy) + 00,7y + Tog - Vo + G227, in Or. (2.2)

Proof of Lemma 2.2 -
Let us consider a function 6 € CV"+4(Q) such that |6(x)
the change of unknowns

> (' for some constant C' > 0, and consider

(t, ),
2(757 X

faary

Ui(t,7) =07 ()
Vot z) = 07" (x)

Using equation (2.1), we infer that g, verifies

<R

0y = diV(CEV%) + oz - Vy + 22Ty + 00, Yy + 071 (05,0 + G210)7,

where Gyy = 20*1572%9 + oo and @ap = 071 diV(JQV@) + 071G22V0 + Ga2. Hence, if we choose
9 € CN*+4(Q) satisfying 8,,0 + 210 = 0 and |0(z)| > C in Qr, which is always possible, then 7, and
7, verify (2.2) and we have ag € CN°+2(Or) and gy, € CN 3OV .

|

3 Proof of Theorem 1

The goal here is to prove Theorem 1. We first explain in Section 3.1 the global strategy. Then, in
Section 3.2, we solve the algebraic problem which is the key point of the proof of Theorem 1. Finally,
we conclude in Section 3.3. During all these Sections, we always assume that Conditions 1.1 and 1.2
are satisfied.

3.1 Strategy : Fictitious control method

The fictitious control method, which was introduced in [19] in the context of affine control systems
of ordinary differential equations without drift, has already been used for instance in [28], [21], [2],
[20] and [24]. Roughly, the method is the following: we first control the equations with two controls
(one on each equation) and we try to eliminate the control on the last equation thanks to algebraic
manipulations locally on the control domain. For more details, see for example [24, Section 1.3]. Let
us be more precise and decompose the problem into three different steps:
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(i)

Analytic Problem: Null controllability by two forces

Find a solution (g, %) in an appropriate space to the control problem by two controls
Oy1 = div(di V1) + g11 - Vi1 + g12 - Vo + ani + aele + U1 in Qr,
Ory2 = div(daVy2) + g21 - VU1 + g22 - Vo + ax¥y1 + azelz + U2 in Qr,
y=0 on X,
9(0,) =y°, y(T,:)=0 in €,

(3.1)

where the controls w; and us are regular enough and with a support strongly included in wr
(remind that wr was introduced in Condition 1.2). Solving Problem (3.1) is easier than solving
the null controllability on (0,7") of System (1.1), because we control System (3.1) with one
control on each equation. The important point is that the control has to be regular enough, so
that it can be differentiated a certain amount of times with respect to the space and/or time
variables (see the next section about the algebraic resolution).

PROPOSITION 3.1. Let s € N*. Suppose that d}', gf; € C**?(wr) and a;; € C**'(wr) for
every i,j € {1,2} and k,l € {1,...,N}. Then there exists a constant Cs > 0 such that for
every initial condition y° € L?(2)2, one can find a control u € C*(Qr)? wverifying moreover
Supp(u) CC wy for which the solution to System (3.1) is equal to zero at time T and the
following estimate holds:

[ulles(@r)y? < Cslly®llL2 @2

The controllability of parabolic systems with regular controls is nowadays well-known. For a
proof of Proposition 3.1, one can adapt the strategy developed in [13, 14, 15, 28] where the
authors prove the controllability of parabolic systems with L> controls thanks to the fictitious
control method and the local regularity of parabolic equations. For more details, we refer to
[22, Chap. I, Sec. 2.4]. It is also possible to use the Carleman estimates (see for instance [10]
and [24, Section 2.3|), however this will impose the coefficients of System (3.1) to be regular in
the whole space Qr (and would require higher regularity on ().

Algebraic Problem: Null controllability by one force
For given @y, us with Supp(uy,us) strictly included in wr, find (z,v), in an appropriate space,
satisfying the following control problem:

(3.2)

8,521 = div(d1Vzl) + gi1 Vzl + gi2 VZQ +a1121 +ajgze + ﬂl +v in wT,
8,522 = diV(szZg) + 89612’1 + goo - Vza + agozo + ﬂg in wr,

with Supp(z,v) strictly included in wr, so that 2(0,-) = (T,-) =0 on Q and z = 0 on 99Q.

We recall that goq - V + a9 is equal to 9, in wy. We will solve this problem using the notion of
algebraic resolvability of differential systems, which is based on ideas coming from [29, Section
2.3.8] and was already used in some different contexts in [21], [2], [24] or [20]. The idea is to
write System (3.2) as an underdetermined system in the variables z and v and to see U as a
source term. More precisely, we remark that System (3.2) can be rewritten as

L(z,v) = f, (3.3)
where f :=u and

L(z,v) = Oz1 — div(diVa1) — g11 - Va1 — g12 - Vzz — annz1 — a1222 — v
o Orzg — div(daVze) — 0p,21 — g22 - V2o — a2222 .

The goal in Section 3.2 will be then to find a partial differential operator M satisfying
LoM=Idin wr. (3.4)
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Thus to solve control problem (3.2), it suffices to take

(2,0) := M(f).
When (3.4) is satisfied, we say that System (3.3) is algebraically solvable.

(iii) Conclusion
If we are able to solve the analytic and algebraic problems, then it is easy to check that
(y,u) := (§ — 2z, —v) will be a solution to System (1.1) in an appropriate space and will satisfy
y(T,-) = 0 in Q (for more explanations, see [21, Prop. 1] and the proof of Theorem 1 in the
next section).

3.2 Algebraic solvability of the control problem

The goal of this section is to solve algebraic problem (3.3). We will use the following lemma:

Lemma 3.1. Let w be a nonempty open subset of R™ (n > 1) and let R € N*. Consider two differential
operators L1 and Lo defined for every ¢ € C*(w) by

R
L1p := 0z, and Lop := agp + ZaiD‘”gp,

i=1

where, for a; = (a2,...,al), D% = 83; 551 If a; € CM (@) for every i € {0, ..., R} where

R R
M = Z’BJ with 8; the order of the operator ZaiDai
=1 i=j

and, for a nonempty open subset W of w, ag is not an element of the ng 2, (W)-module generated

by ai,...,aR, i.e.

.....

ag € (agy ..., aR>622 @) (3.5)

then there exists two differential operators My and My such that
MioLy+ MyoLy=1IdinC®@®@). (3.6)

We refer to the introduction for the definition of a module.
Proof of Lemma 3.1
The proof is divided into two steps:

e In a first step, we will build two differential operators M and Mo and a function feCw)
such that

My oLy +MsoLy = fId. (3.7)

e In a second step, we will prove that f is invertible in a subset @ of w under condition (3.5).
Thus, multiplying (3.7) by f~!, we will obtain (3.6).

Step 1:
The goal is to apply some differential operators M; and Mj to L1y and Lo in order to obtain f,
with f a function in C(w). So, since ¢ is not appearing in £;¢, we would like to eliminate all the
derivatives D% ¢ in the expression of Ly¢ by differentiations and linear combinations. If ag # 0 and
a; =0 in w for every i € {1, ...., R}, then we obtain (3.7) with M; =0, My = Id and

f = ap.
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If not, let k1 be the smallest number of {1, ...., R} such that there exists a nonempty open subset w;
of w where |ak,| > § > 0. Then we consider L3 the commutator of £; and a,;lﬁgz

R
— a a; o
£3@ = [.Cl,akllﬁg}(p = 8z1 (O> w+ Z 6961 ( ) D ‘.
Gk i=k1 1 Ok
Again, if for every i € {1,..., k1 }, we have 0, (aaTl) = 0 in w, then we obtain (3.7) with M = —Lo,
Mvg = L, and

o, [
f =0, (ak)

If not, let ko be the smallest number of {1, ..., k1 } such that there exists a nonempty open subset ws
-1
of wy where |0,, (aﬂ) | > > 0. Then we consider £4 the commutator of £; and [&,31 (aﬁ)} L3:

gy Ay

_ Y I U ) A I R (1 A
Lap = [Eh[axl (Cl;:l)} Fal =0 8$1(Z%> ¢+i:%:+1am aﬁ(i%) o

8""‘1 a.:L
Again, if, for every i € {1, ..., k2 }, we have 0, Ea:l% = 0 in woy, then we obtain (3.7) with
2
z1

Ay

0. )

If not, we continue the same reasoning that will stop at some point since there is only a finite order of
derivatives R. Hence, we obtain, for a m € {1, ..., R}, the equality (3.7) for a nonempty open subset

w of w and
ak
O, |- — 2L

k1
8331 e ————2

Moreover, f is obtained by making iterated commutators of operators involving only £; and Ls.
Hence it is clear that there exists two linear partial differential operators M; and M3 such that (3.7)
holds.
Step 2:

In view of (3.8), we will have the desired conclusion as soon as the coefficient in the right-hand side
in (3.8) is different from zero. Let us explain into more details what this condition exactly means.
For the sake of clarity, let us assume that m = 3 (but the following reasoning can be extended to any
m € {1,...,R}). We remark that

(3.8)

E) a0
- (3)
Oz, a; (i%)
Ox, o (%) =0 (3.9)
Oy L
)

10
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2, (@), we have

0., (-
Oz, | ——%

holds only if, for some A3 € ng

,,,,,

Oz,

The last expression can be rewritten as

Oa, W =0. (3.10)
o (52)

Again, (3.10) holds only if, for some A\ € C? . (@), we have

T2,...,T

a[)f)\gaka
6931 ( Pk )
———— = Ay,

0 ()

akl

or, equivalently,

Thus (3.9) is satisfied only if, for some Ay, A2, A3 €CY, . (@), we have
ag = Agaks + )\Qak2 + Alakl.

Hence, we find back condition (1.2) and the proof of Lemma 3.1 is achieved.

We are now able to prove the algebraic solvability of (3.3).

PROPOSITION 3.2. Suppose that dj', g, a;; € CN (@) for everyi,j € {1,2} and k,1 € {1,...,N}.
Then, under Condition 1.2, System (3.3) is algebraically solvable with an operator M of order N2.

Proof of Proposition 3.2
Let us remark that the first equation of System (3.3) can be rewritten locally on wr as

v =021 — diV(d1V21) — g1 - Va1 — g2 - Vaa —a1121 — a1222 — fi1,

hence one can always solve algebraically first the second equation of System (3.3), v will then be
given with respect to z1, zo and f;. Hence, solving (3.3) is equivalent to solving

Loz = fo,

where
EQZ = 81/2’2 — diV(dQVZQ) - &clzl — 322 VZQ — a92%29 in wT.

Hence, finding a differential operator M such that (3.4) is satisfied is now equivalent to finding a
differential operator My such that
EOOMO = Id. (311)

We can remark that equality (3.11) is formally equivalent to
MGo L =1Id,

11
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where the formal adjoint £ of the operator L is given for every ¢ € C*(wr) by

E* L 5190 - 8111()0
o= Rop |\ —0i(e) —div(daV(p)) + div(gap) — azne |’

Operator Rs can be rewritten as

N . N B
Rop = =00 — 3, d5 Opya; 0 + D G002, + G20,
1=1

ij=1

where gi, and Ggz are given in (1.4). Let us first consider the following linear combination of £; and
RQZ

N y ~
Rop = [=d3' 0, =2 35 d5' O, + Gl L1

i=2

Loy

N N
—0up = 3 d5 Ouya; 0 + 3 Gho0u, 0 + 2.
i,j=2 i=2
Lemma 3.1 leads to the algebraic resolvability of System (3.3) under Condition 1.2.
Concerning the order of M, if we follow the proof of Lemma 3.1 step by step, we apply at most
N x (N —1)/2 operators of order two to eliminate the terms d3 d,,,, with 7,7 € {2,..., N} (thanks
to the symmetry property of dz), then at most N — 1 operators of order one for the term g5,9,, with

i € {2,..., N} and finally an operator of order at most one for 9;. Thus the operator M is of order at
most N x (N —1)+ (N —1)+1= N2 [ |

3.3 Conclusion

We have now all the tools to prove Theorem 1. We can follow the strategy described in Section 3.1.
Proof of Theorem 1.

We apply Proposition 3.1 with k& := N2 +1 and obtain the existence of a constant C' > 0 such that for

every initial condition y° € L2()? one can find a control @ € CN +1(Qr)? verifying Supp(@) CC wr

for which the solution ¥ to System (3.1) is equal to zero at time 7" and the following estimate holds:

[llenz11(gpe < Clly’ 22, (3.12)

where C' > 0 does not depend on 3°. -
Now, using Proposition 3.2, locally on wr there exists a solution (z,v) € C}(Qr)3 € W(0,T)? x
L?(Q7) to the following control problem:
0yz1 = div(diVz1) + g11 - Va1 + 912 - V2o + 1121 + areze + Uy +v  inwr,
Orzg = diV(dQVZQ) + &Elzl 4 gos - V2o + a9s20 + o in wr,
with (41, Us) := u. Moreover, since Supp(z) CC wr, we have z(0,-) = z(T,-) = 0 in Q.
We conclude by remarking that (y,u) := (¥ — 2z, —v) is a solution to System (1.1) which satisfies

y(T,-) =0 in Q and estimate (3.12) leads to (1.5).
|

4 Negative results
In this section, we first give an example of N dimensional system which is not approximately control-

lable (hence not null controllable) and with a non empty intersection of the support of the coupling
terms and the control region. We then prove Theorem 2.

12
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PROPOSITION 4.1. Let us assume that w CC Q. Let wy be a nonempty reqular open set satisfying
w CCwy; CC . and consider a function § € C*(Q) satisfying

0=1inw,
Supp(d) C w1,
0 >0 in w;.

Then there exists a € C>°(€)) such that the system

Owy1 = Ayy + 1,u mn Qr,
Orya = Aya + ayz + 0z, (0y1) in Qr,
y=20 on X,
y(0,-) = ¢° in Q)

is not approzimately controllable (hence not null controllable) on (0,T).

Proof of Proposition 4.1. -
Let wy be a nonempty regular open set satisfying w CC w3 CC Q. Let 6 be a function of C*>(f2)
satisfying

f=1in w,
Supp(f) C wi,
0 >0 in w;.
Consider the following system
Oy = Ayr + Lou in Qr,
Oryo = Aya + ayz + 0, (0y1) in Qr, (41)
y=20 on 052,
y(0,-) =y’ in Q,

where u € L?(Qr) is the control and a € L>°(£) will be specified later. If we can control approx-
imately System (4.1), then it implies that we are also able to control approximately the following
equation:

8152 = Az +az + azl (Q’U) in QT&

z=10 on 09, (4.2)

2(0,) =y in Q,
where v € L2((0,T), H}(Q)) is the control. We recall that § > 0 on w;. It is well known that
the approximate controllability of System (4.1) on (0,7 implies the following property, called the
Fattorini-Hautus test: for every s € C and every ¢ € D(A),

—Ap—ap=s in Q
poawmey }écp(). (4.3)

O0z,0=0 in wy

In the rest of the proof, we will construct a coefficient a € C*°(£2), a complex number s and a function
© € D(A) for which implication (4.3) does not hold.

Since w; CC €, then there exists an open set wo such that w; CC we CC 2. The first eigenfunction
1 of —A is well-known to be positive in €2, so we can define a function ¢ € C>(Q) satisfying

0= in Q\wo,
p=1 in wy, (4.4)
p>06>0 inws.

13
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For instance, in the one dimensional case, if Q := (0,7), wy := (27/5,37/5) and wq := (7/5,47w/5),
as in Figure 1, we may construct a function ¢ € C%([0, 7]) satisfying

p(x) =sin(z) for every x € Q\wy = [0,7/5] U [47/5, 7],
1 for every x € wy = [27/5,37/5],
p>0>0 in wy = [w/5,4m/5].

Figure 1: Example of function ¢ on [0, 7]

Consider
“Ap —
a=_"r"% (4.5)
'

Thanks to the definition of ¢, a is well defined in © and is an element of C°°(Q). We remark that ¢
satisfies

—Ap—ap=¢ in ),

Oz, 0 =0 in wi,

¢ # 0.

For s :=1, ¢ given in (4.4) and a given in (4.5), implication (4.3) is not satisfied. Thus System (4.2)
is not approximately controllable on (0, 7).
|

Remark 8. Let us emphasize that in this case, as expected, Condition 1.2 is not verified: on w we have
by definition ase = 1, g22 = 0 and d5 = §;; for every i,j € {1,..., N}, which implies that dsp = —1
on w and goo = 0, hence

t,xo,..., TN

Qs is an element of the C9 (wr)-module
<17 g%Q? HS) §2]\£7 d%27 s déVN>

€Oy oy @1

This will also be the case for the potential constructed in the first part of the proof of Proposition 2.

Let us now prove Theorem 2.

14
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Proof of Theorem 2.
Let 2 := (0,7) and w := (77/15,87/15). Consider the following system

atyl = amzy + 1,u in QTv
OYo = Ogay2 + ay2 + Oz in Qr,
(4.6)
Yy = 0 on ET,
y(0,-) =9° in Q,

where u € L?(Q7) is the control and a € C°°(Q2) will be specified later.
As in the previous section, it is well-known that the approximate controllability on (0,T) of System
(4.2) implies the following property: for every s € C and every ¢ € D(0z,),
—Opzp — Oph = s in Q)
—0Op® — at) = s¢ in Q = ((va) = (070)

The rest of the present proof involves constructing three functions ¢, 1, a € C*°(Q2) satisfying

—0rztp — Ozth = 9 in €,
—Opath —ayp =99 in €,
©(0) = () = 9(0) = ¥(7) =0, (4.7)
=0 in w,
e#0, v #0 in Q.

The idea will be to construct the function ¢ as a perturbation of z ~— sin(3x). Consider ¢ a function
of C*°(2) N D(8,,) satisfying

z/;(x) = sin(3x) + C1601 + C05 + C303  for all x € ﬁ,
Y(x) = sin(77/5) for all z € @, (4.8)
[(z) —sin(3z)| < & for all « € [67/15,7x/15] U [87/15, 97 /15],

where 01, 0, 05 are three nontrivial functions of C* () satisfying

Supp(6:) C (x/12,7/6),
Supp(f2) C (97/12,57/6),
Supp(fs) C (57/6,117/12),
01, 02, 65 >0 in ©Q,

e > 0 small enough and Cy, Cs, Cy are three positive constants to determined (See Figure 2 for
some examples of function v). Let us remark that, for a constant o € R to determined, the function
@ € C™(Q) defined for all x € Q by

pla) = asin(an) — 4 [ sin(3(— )00y

is solution to the first equation of (4.7). In order to satisfy (4.7), let us first prove that C; and « can
be chosen such that ¢ = 0 in w. Since ¢ = sin(77/5) in w,

7 /15
pz) = la — % cos(7m/5) sin(77/5) — /0 sin(3y)w(y)dy] sin(3x)

+

77 /15
%sin(77r/5)2 - / cos(3y)1/1(y)dy] cos(3z),
0

15
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for all x € w. Since cos(3x) > 0, sin(3z) > 0 for all z in (7/12,7/6) and

1 /15
3 sin(77/5)? — / cos(3y) sin(3y)dy > 0,
0

then, according to the last line of (4.8), for € small enough, it is possible to choose C; > 0 in order
to obtain

1. ) 7r/15
551n(77r/5) —/0 cos(3y)v(y)dy = 0.

Thus, for « given by

77 /15
o= %cos(?w/E)) sin(7m/5) +/0 sin(3y)y (y)dy,

we obtain ¢ = 0 in w. By definition of ¢, we have ¢(0) = 0. Let us now prove that for some
appropriate Cy and C3, we have p(7) = 0. We remark that

o =3 [ cosBnviiy.

Let us distinguish two cases:
1. If

1 27 /3 1 /7
g/o cos(3y)v(y)dy + 3 /M/S cos(3y) sin(3y)dy (4.9)

is negative, then, using the fact that sin(3z), cos(3z) > 0 for all x € (97/12,57/6), one can
choose C3 := 0 and find some C5 > 0 such that ¢(7) = 0.

2. If now the quantity (4.9) is positive, since sin(3x) > 0 and cos(3z) < 0 for all z € (57/6,117/12),
one can choose Cy := 0 and find some C5 > 0 such that ¢(7) = 0.

The function 1 will have one of the two following forms

1.5 1.5

— sin(3z)

sin(7m/5)
0.5 0.5 *
0 0
—0.5 —0.5 .
1k 4tk o
| | | | | | | | | | | |
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3

Figure 2: Examples of function % on [0, 7]

To satisfy the second equality in (4.7), we define the function a € C*°(Q) as follows

a = 787):161;0 — 97;[}
= 7{/} .

16
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This function a is bounded since at each point where v is null, i.e. at 0, /3, 27/3 and =, there exists
a neighbourhood in which ¢(z) is equal to sin(3z). The constructed ¢, ¢ and a verify (4.7). Thus
System (4.6) is not approximately controllable on (0, T).

Let us now prove the second item of Theorem 2. We remark that it is possible to chose #; = exp
inwy CC (w/12,7/6) with wy small enough. Then a is defined in w; for all x € w; by

—10C1 exp(z)
sin(3z) + Cy exp(z)

a(z) =

Thus a satisfies
Oza # 0 in wy.

Ttem (ii) of Theorem 2 in [24] applies for w := w; (see Item (e) of Remark 1 in [24]). Theorem 1 of the
present paper can also be used in the particular case N := 1. Thus System (1.7) is null controllable
on (0,T) for w := w; and the coefficient a built above.
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