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Abstract

Motivated by the study of the concentration of measure phenomenon and their connection with
transport-entropy inequalities, Gozlan, Roberto, Samson and Tetali [20] introduced a general notion
of transport cost problem called the Optimal Weak Transport (WOT) problem. Backhoff-Veraguas,
Beiglbock and Pammer [6] and Backhoff-Veraguas and Pammer [7] proved that under some regularity
assumption on the cost function, existence, uniqueness and stability hold for the WOT problem. Thanks
to a result proved in the companion paper [10], we recover those result in a different way.

Because the martingale constraint reflects the condition for a financial market to be arbritrage free,
it is natural in the context of mathematical finance to consider the martingale counterpart of the WOT
problem, namely the Martingale Optimal Weak Transport (WMOT) problem. Thanks to the main
theorem of the companion paper, we prove the existence, the uniqueness and most importantly the
stability of the WMOT problem under mild regularity assumption of the cost function.

We also prove that martingale C-monotonicity is sufficient for optimality of the WMOT problem,
that the so called Wasserstein projections are Lipschitz continuous in dimension 1 and finally we es-
tablish the convergence in a space of extended martingale couplings. We discuss a consequence on the
superreplication bound for VIX futures.

Keywords: Martingale Optimal Transport, Adapted Wasserstein distance, Robust finance, Weak trans-
port, Stability, Convex order, Martingale couplings.

1 Introduction and motivations

1.1 The Weak Optimal Transport problem

Motivated by the study of the concentration of measure phenomenon and their connection with transport-
entropy inequalities, whose extensive study can be found in [25, 18, 14], Gozlan, Roberto, Samson and Tetali
[20] introduced a general notion of transport cost problem called the Optimal Weak Transport (WOT)
problem, which they studied with Shu in [19]. In order to define it we introduce some notation. Let X and
Y be two Polish spaces respectively endowed with the compatible and complete metrics dx and dy. Let p
be in the set P(X) of probability measures on X, v € P(Y) and C : X x P(Y) — R, be a nonnegative
measurable function. We denote by II(u,r) the set of couplings between p and v, that is © € II(u,v)
ifft # € P(X xY) is such that for any measurable subsets A C X and B C Y, 7(A xY) = pu(A) and
m(X x B) = v(B). Then the WOT problem consists in the minimisation

Veluw)i= _int [ Clam)n(da), (WOT)
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where for all 7 € (u,v), (7:)zcr denotes a disintegration of 7 with respect to its first marginal, which
we write w(dz,dy) = p(dz) 7, (dy), or with a slight abuse of notation, 7 = p x m, if the context is not
ambiguous. Note that for a measurable map ¢ : X x Y — Ry, the WOT problem with the cost function
C:(z,p)— fY c(z,y) p(dy) amounts to the classical Optimal Transport (OT) problem already discussed in
the companion paper [10]. In particular it was mentioned that the OT theory covers an impressive range of
applications. This particularity seems to be shared with the WOT problem, which benefits of high flexibility.
One could for instance see the recent work of Backhoff-Veraguas and Pammer [8] and the references inside
for an investigation of a connection of the WOT problem with the Schrédinger problem, the Brenier-Strassen
Theorem, optimal mechanism design, linear transfers and semimartingale transport.

In order to gain some insight on the WOT problem, we recall some results of paramount importance,
namely existence, uniqueness and stability. To formulate those results we need to introduce a more specific
setting. From now on, we fix r > 1 and zg, yo two arbitrary elements of X and Y respectively, their specific
value having no impact on our study. Let P"(X) denote the set of all probability measures on X with finite
r-th moment, i.e.

P(X) = {p eP(X) | /Xd}'((m,xo)p(dx) < +oo}. (1.1)

Let C(X) denote the set of all real-valued continuous functions on X. The set P"(X) is equipped with
the weak topology induced by

O"(X) = {f € C(X) | Fa >0, ¥z € X, |f()] < a(l +di (z,20))}

Then a sequence (p*)ien converges in P"(X) to p iff

Vg e ®"(X), p*(g) :=/Xg(w)p’“(dx) — p(g) :=/Xg(x)p(dw)-

k—-+o00

It is well known that the latter is equivalent to

r

Wr (", p) == enth (/Xxx dx (z,y) m(dz, dy)) e 0
where W, is the Wasserstein distance with index r, which is a metric on P"(X) compatible with its topology,
turning P"(X) into a complete separable metric space, see [3, 26, 28, 29] for much more details.

Back to the WOT problem, consider a cost function C' : X x P"(Y) — R, being lower semicontinu-
ous and convex in its second argument. Backhoff-Veraguas, Beiglbock and Pammer [6] prove that for all
(u,v) € P(X) x P7(Y), the infimum Ve (u,v) is attained. Moreover, the map (u,v) — Veo(u,v) is lower
semicontinuous. Backhoff-Veraguas and Pammer [7] also prove the stability of the WOT problem: suppose
that C' € ®"(X x P"(Y)) and let u* € P(X),v* € P"(Y), k € N converge respectively weakly to u € P(X)
and in W, to v € P"(Y) as k goes to +o0. For k € N, let 7% € TI(u*,v*) be optimal for V(u*,v*). Then
any accumulation point of (7%)zen for the weak convergence topology is a minimiser of Vo (u,v). If the
latter has a unique minimiser 7*, which happens for instance if C is strictly convex in its second argument,
then 7% converges weakly to 7* as k goes to +oo. In the latter case, when p”, u belong to P"(X) and the
convergence of ;* to p holds in W,, then one can easily show that

7 — 7 in W (1.2)
k—+oco

However, the topology induced by the Wasserstein distance in not always well suited for any setting,
especially in mathematical finance, since its symmetry does not take into account the temporal structure of
martingales. As explained in the companion paper [10], it is sometimes necessary to strengthen the usual
topology and therefore consider the adapted Wasserstein distance AW,. of index r defined for all couplings
T=p X7, =p' x7wl € P(X XY) by
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It will prove important to observe that
AW, (m, ") = Wi (I (m), I (7)), (1.3)
where J is the trivial embedding map from P(X x Y) to P(X x P(Y)), namely
J:PXXY)2d7m=pxm > pu(dr)dr, (dp) € P(X x P(Y)). (1.4)

There exist other ways to adapt the usual weak topoly: Hellwig’s information topology [23], Aldous’s
extended weak topology [1] or the optimal stopping topology [4]. But we do not lose generality by using
the topology induced by the adapted Wasserstein distance since strikingly, all those apparently independent
topologies are actually equal, at least in discrete time [4, Theorem 1.1]. By the connection Backhoff-Veraguas
and Pammer establish between the WOT problem and an extended version of it, in the setting of (1.2) when
C is strictly convex in its second argument, we can derive the convergence of J(7*) to J(7*) in W, as k
goes to +oo, which by (1.3) is equivalent to the convergence of the minimiser 7% of Vi (u*, v*) to the only
minimiser 7* of Vo (u,v) in AW,..

In the companion paper we prove that any coupling whose marginals are approximated by probability
measures can be approximated by couplings with respect to the adapted Wasserstein distance (see Proposition
2.3 below). We show in the present paper that this result allows us to recover the existence, uniqueness and
most importantly the stability of the WOT problem under less regularity assumption on the cost function.

1.2 The Martingale Weak Optimal Transport problem

The classical OT theory is not sufficient to solve some major problems raised by the field of mathematical
finance, such as robust model-independent pricing. Indeed, Beiglbock, Henry-Labordére and Penkner [9]
showed in a discrete time setting and Galichon, Henry- Labordére and Touzi [17] in a continuous time
setting that one would need an additional martingale constraint to the OT problem in order to get model-
free bounds of an option price. This martingale constraint reflects the condition for a financial market to be
arbritrage free. This leads to the formulation of the Martingale Optimal Transport (MOT) problem recalled
in the companion paper [10]. With regard to this, it is natural to study a martingale counterpart of the
WOT problem.

Let d € N*, C : R? x P(R?) — R, and p,v € PY(RY). Then the Martingale Optimal Weak Transport
(WMOT) problem consists in the minimisation

VM (u,v) = inf C(x,my) p(dx), (WMOT)

welln (p,v) JRd

where I/ (1, v) denotes the set of martingale couplings between p and v, that is

Mps(p,v) = {7‘(‘ =pu X my € (p,v) | p(dx)-almost everywhere, /ym(dy) = x} .
R

According to Strassen’s theorem [27], the existence of a martingale coupling between two probability
measures ,v € PHR?) is equivalent to u <. v, where <. denotes the convex order. We recall that two
finite positive measures j, v on R? with finite first moment are said to be in the convex order iff we have

f@)pldr) < [ f(y)v(dy),
Rd Rd

for every convex function f : R* — R. Note that by evaluating this inequality for the constant function
equal to 1, the identity function and their opposites, we have that p and v have equal mass and satisfy
fRd x p(dx) = f]Rd yv(dy). For a measurable map ¢ : X x Y — R;, the WMOT problem with the cost
function C : (x,p) — [, c(z,y) p(dy) amounts to the MOT problem already discussed in the companion
paper [10].



The main result of the companion paper is that any martingale coupling whose marginals are approx-
imated by probability measures in the convex order can be approximated by martingale couplings with
respect to the adapted Wasserstein distance, see Theorem 2.4 below. Similarly as for the WOT problem, we
prove in the present paper thanks to the latter theorem the existence, the uniqueness and most importantly
the stability of the WMOT problem under reasonable regularity assumptions on the cost function.

In particular we recover the stability of the MOT problem proved by Backhoff-Veraguas and Pammer
[7]. To do so, they used the tool of martingale C-monotonicity by proving that it was a stable necessary
optimality criterion. However the question remained open whether any martingale coupling satisfying this
condition is optimal. We show here that it is indeed the case under mild regularity assumptions on the cost
function.

1.3 Outline

We state in Section 2 the main results of the present paper, namely the stability of the WOT and the
WMOT problems, the sufficient optimality criterion of martingale C-monotonicity for the WMOT problem,
the Lipschitz continuity of the so called Wasserstein projections and the convergence of an extended space of
martingale couplings. We also connect this work with an application on the superreplication bound for VIX
futures. Those results have their own devoted section. Section 3 consists of the unified proof of the stability
of the WOT and the WMOT problems. Section 4 consists in showing that martingale C-monotonicity is
sufficient for optimality for the WMOT problem. Finally Section 5 is an appendix which gathers the proofs
of useful lemmas.

2 Main results

2.1 An extension of the weak and adapted topologies

For » > 1, the Wasserstein distance W, is widely used to measure the distance between two probability
measures with finite 7-th moment. In order to measure the distance between two couplings, one could also
use the stronger adapted Wasserstein distance for reasons discussed above. Despite being very handy, those
distances sometimes lack topological convenience. For example, the W,-balls {p € P"(X) | W,(p, §,) < R},
R > 0, are not compact for the W,.-distance topology. This observation is not without consequences since
it stood in the way of our proof that martingale C-monotonicity is a sufficient optimality criterion for the
WMOT problem (see Section 2.4 below).

In order to overcome that hurdle, we choose in the present paper to work in a finer topology which
benefits of more convenient and flexible properties. We give the definition here as well as some insight to
understand its basic properties. All proofs and technical details are deferred to Section 5.1 below.

Definition 2.1. Let f: X — [1,+00) be continuous. We consider the space
Pr(X) ={p e P(X) | p(f) < +oo}.

We equip Py(X) with the topology induced by the following convergence: a sequence (py)ren € Pr(X)N
converges in P;(X) to p iff one of the two following assertions is satisfied:

) pe, = pin P(X) and pi(f) = p(f).
(ii) px(h) T p(h) for all h € @4(X) :={h e C(X)|Ja >0, Vz e X, |h(z)| < af(z)}.

Unless explicitly stated otherwise, P(X) is endowed with the weak convergence topology; for r > 1,
PT(X) is endowed with the W,-distance topology; for f: X — [1,400) continuous, P;(X) is endowed with
the topology induced by the convergence (2.1). When f is the map x +— 1+d% (x, 2o), then P;(X) = P"(X)
and the two topologies match. Hence the reader who is not willing to consider this extension may completely
disregard it and consistently view P¢(X) as the usual Wasserstein space P"(X).



We will mainly address convergences of probability measures in terms of topology. However it will
sometimes prove useful to consider the metric Wy defined on P¢(X) by

Vp,q € Py(X), Wilp.a):=  sup  (p(fh) —a(fh)), (2.1)
h: X—[-1,1],
h is 1-Lipschitz

which is a complete metric compatible with the topology on Py (X).
A continuous function g : ¥ — [1,400) can naturally be lifted to a continuous function § : Py(Y) —
[1,4+00) by setting
Vp e Pr(Y), 4(p) = p(9)- (2.2)

We will often consider probability measures on P(Y). A very convenient aspect of the extended topology
is that the spaces P;(P(Y)) and Py(P4(Y')) and their respective topologies, a priori different, are actually
equal. If moreover P,(Y) is endowed with the metric W,, then those topological spaces are also equal to
PL(P,(Y)), whose definition is given by (1.1) with (1,P,(Y),W,) replacing (r, X,dx). Therefore one can
freely switch between the topological spaces Py(P(Y)), Py(Py(Y)) and PL(P,(Y)).

It is also possible to extend the adapted weak topology, in the spirit of (1.3). Recall the map J defined
by (1.4) which embeds P(X x Y) into P(X x P(Y)). For two real-valued functions f and g respectively

defined on X and Y, we denote by f @ g the map X xY 3 (z,y) — f(z) + g(y).

Definition 2.2. Let f: X — [1,+00) and g : Y — [1,+00) be continuous. For k € N, let u*, u € Pr(X),
vE v e Py(Y), 78 € TI(p*, v¥) and m € (i, v). We say that (7%)ken converges in AW g, to 7 if one of the
two following equivalent assertions is satisfied:

(i) J(7*) — J(7) in Pray(X x P(Y)).

k—-+4oco

(i) J(r*) — J(r) in P(X x P(Y)), u*(f) — p(f) and v*(g) — v(g).
k—+o00 k—+o0 k—+o0
There also holds the convenient fact that Prgg(X x P(Y)) and Prey(X x Py(Y)) and their respective
topologies are equal, hence we can rephrase (i) as J(7*) k—+> J(m) in Prgg(X x Py(Y)). When f and ¢
c— 400

are respectively the maps z — 1+ d% (2, 70) and y — 1+ d%-(y,yo), then (7%)ren converges in AW;a; to
m iff it converges in AW,.. Once again, the reader may skip this extension and consider as he wishes that
convergences in AWyg; mean convergences in AW,..

2.2 Stability

The stability of the WOT and WMOT problems, or more generally of any optimal transport problem, with
respect to their marginals, are of paramount importance. Indeed, those problems are often computationally
solvable when the marginals are finitely supported. It is therefore natural to discretise the marginals and
solve the discretised problem, but this approach works only if we know that the discretised cost converges to
the original one, which is assured when the stability holds. Another issue is that the marginals often derive
from noisy data. In that context, if the stability of the cost function with respect to the marginals does not
hold, then solving it is meaningless.

The proof of the stability of the WOT problem relies on the following extension to the finer topology of
the approximation of couplings on the line in the weak adapted topology proved in the companion paper
[10, Proposition 2.3]. This extension is an easy consequence of the equivalence stated in Definition 2.2.

Proposition 2.3. Let f: X — [1,+00) and g: Y — [1,+00) be continuous. Let u* € P;(R), vk € P,(R),
k € N, respectively converge to p and v in Py(R) and Py(R) respectively. Then there is for any m € IL(p, v)
a sequence of couplings 7% € IL(u*, V%), k € N converging to m in AW jg4.

In the martingale setting, we recall the main theorem of the companion paper, namely that any mar-
tingale couplings whose marginals are approximated by probability measures in the convex order can be



approximated by martingale couplings with respect to the adapted Wasserstein distance. We state it in the
setting of our extended topology, which is also a direct consequence of the equivalence stated in Definition
2.2. For r > 1, we denote by F"(X) the set of continuous functions f : X — [1,400) which dominate
x+— 1+ d%(x,x0), that is

Vee X, f(z)>1+d%(x,x0). (2.3)

Theorem 2.4. Let f € FY(R) and g € F'(R). Let p* € P;(R) and v* € Py(R), k € N, be in convex order
and respectively converge to p and v in P¢(R) and Py(R). Let m € Ipr(p,v). Then there exists a sequence
of martingale couplings 7% € Ty (u*,v*), k € N converging to m in AWsas.

We recall that a sequence (u*)ren of probability measures on X is said to converge strongly to some
p € P(X) iff for any measurable subset A C X, u*(A) converges to uu(A) as k goes to +oc.

Theorem 2.5. Let f : X — [1,400) and g : Y — [1,+00) be continuous. Let X and Y be Polish spaces,
C: X xPy(Y) = R be convez in the second argument, lower semicontinuous and such that there exists a
constant K > 0 which satisfies for all (z,p) € X x Py(Y)

e < & (1) + [ aplan). (2.0

For k € N, let pk € Pp(X) and v* € Py(Y) converge in Py(X) and Py(Y) as k — +oo to p and v
respectively. Then

(a) Existence: there exists m* € II(p, v) which minimises Vo (u,v).
(b) Stability of the cost function: suppose that one of the following holds true:

(A) C is continuous.

(B) C is continuous in the second argument and pu* converges strongly to pu as k — +oo.

Then there holds
VC(/Jka Vk) — VC(H7 V)' (25)
k—+4o00
(c) Stability of the minimisers: suppose that (2.5) holds. For k € N let 7%* € TI(u*,v*) be a minimiser of
Ve (uF, vF). Then any accumulation point of (7%*)ren for the weak convergence topology is a minimiser
of Ve(p,v). If the latter has a unique minimiser ©*, then

TR in Prag(X X Y). (2.6)

k—+oo

(d) Uniqueness: if C is strictly convex in the second arqument, then the minimisers are unique and the
convergence (2.6) holds in AW ¢gy.

Note that the WMOT problem is in fact a particular case of the WOT problem. Indeed, the resolution
of the WMOT problem between y,v € P*(R?) for a cost function C : RY x P(R?) — R, amounts to the
resolution of the WOT problem between the same marginals and the cost function

i Cla,p) if [, ypldy) =
C:Rde(Rd)B(x,p)H{ (wp) 3 hyp@) =2 gy (yoo),

Since infinite-valued cost functions are not admissible in the setting of Theorem 2.5, the case of the
stability of the WMOT problem requires its own statement.



Theorem 2.6. Let f € FY(R?) and g € FL(R?). Let C : R x Py(R?) — R U {+o0} be convex in the
second argument, lower semicontinuous and such that there exists a constant K > 0 which satisfies for all
(z,p) € RE x P,y(RY)

Cle.p)] < K (f<x> +f g<y>p<dy>). (27)

For k € N, let yu* € P¢(R?) and v* € P,(R?) be such that pu* <. v* and p*, resp. v*, converges to p in
Pr(RY), resp. v in Py(RY) as k — +oo. Then

(a’) Existence: there exists 7 € Ty (p, v) which minimises VA (i, v).
(b’) Stability of the cost function in dimension 1: suppose that d =1 and one of the following holds true:

(A) C is continuous.

(B) C is continuous in the second argument and pu* converges strongly to p as k — +oo.

Then there holds
VI (* k) — VT (uw). (2.8)
k—+oo
(¢’) Stability of the minimisers: suppose that (2.8) holds. For k € N let 7%* € Ty (¥, %) be a minimiser
of VM (u*,vk). Then any accumulation point of (7**)ren for the weak convergence topology is a
minimiser of Vé\/l(ﬂ, v). If the latter has a unique minimiser 7, then

T 1 in Preg(RY x RY). (2.9)

k—+o00

(d’) Uniqueness: if C is strictly convex in the second argument, then the minimisers are unique and the
convergence (2.9) holds in AW ¢gy.

Remark 2.7. We actually show that (a’), (b’), (¢’) and (d’) are still valid when there exist two Polish
subspaces X and Y of R? such that f is defined on X, g on Y, (2.7) holds for all (z,p) € X x P,(Y) such
that [, yp(dy) =z, uF € Pr(X) converges in Pr(X) to p € Pr(X) and v* € P(Y) converges in Py(Y) to
vePiY)as k— +oc.

We can exhibit a strong connection betwen the (WMOT) problem and a Benamou-Brenier type formu-
lation of the MOT problem suggested by [5]. In dimension one, this problem consists for two probability
measures p, v in the convex order in maximising

MT(p,v) == supE [ /O 1 o dt} (MBB)

over all filtered probability spaces (2, (Ft)ie[0,1], P), real-valued (F;)¢cjo,1j-progressive process (0¢);e0,1] and
real-valued (F})¢cjo,1]-Brownian motions (B;)¢cjo,1) such that the process

t
(My)icion) = (Mo +/ O st>
0

is a continuous martingale which satisfies My ~ u and M; ~ v. When the second moment of v is finite, then
(MBB) has a unique maximiser (M;");c[0,1] [5, Theorem 1.5] called the stretched Brownian motion from p
to v, since it is the martingale subject to the constraints Mgy ~ p and M| ~ v which correlates the most
with the Brownian motion.

Let Cy : R x Po(R) — R be defined for all (z,p) € R x P2(R) by Ca(x,p) = W3 (p,N(0,1)), where
N(0,1) denotes the unidimensional standard normal distribution. Let u,v € P(R) be in the convex order
and VA (11, v) be the value function given by (WMOT) for the cost function Co. Let m* € I (p,v) be
optimal for ch‘f (1, v) and M* be the stretched Brownian motion from g to v. Then Remark 2.1, Theorem
2.2 and Remark 2.3 from [5] imply that

telo,1]



(a) MT(p,v) =5 (1+ [p [yl v(dy) — V& (1, v));

(b) 7* is the joint probability distribution of (Mg, M;), and conversely

Viel[0,1, M:=FE [F;;:(FN(O,l)(Bl)ﬂX, (BS)OSSSJ : (2.10)
where X ~ p is a random variable independent of the Brownian motion (B;)co,1), and [, resp. Fr 1

denotes the cumulative distribution function, resp. the quantile function of a probability distribution
n € P(R).

As a consequence of Theorem 2.6, for r > 2, the stretched Brownian motion between converging marginals
in W, converges in AW,. to the stretched Brownian motion between the limits. Because of the martingale
structure, we even have an estimate of the AW,.-distance between the joint probability distributions of the
initial position and the whole trajectory.

Corollary 2.8 (Stability of the unidimensional stretched Brownian motion). Let r > 2 and p*, v* u,v €
PT(R), k € N be such that for all k € N, u* <. v* and u*, resp. v*, converges to p, resp. v, in W.

For k € N, let M* be the stretched Brownian motion from p* to v* and M* be the stretched Brownian
motion from p to v. Equipping C([0,1]) with the supremum distance and denoting by L(Z) the law of any
random variable Z, we have the estimate

T * * /r‘ " T 1] * *
-AWr ('C(Moka (Mtk)tG[O,l])vﬁ(MO ; (Mt )te[O,l})) < (1) ‘AW’I‘ (‘C(M[])Clek)wc(MO?Ml )) ;

and the right-hand side vanishes as k goes to +oc0.

2.3 Stability of the superreplication bound for VIX futures

The Volatility Index (VIX), often referred to as the Fear Index, is a popular measure to determine market
sentiment. When investors expect the market to move vigorously, they typically tend to purchase more
options, which has an impact on implied volatility levels. The VIX is by definition the implied volatility
calculated on a 30 days horizon on the S&P 500. The more the VIX increases, the more demand is expressed
for options, which become more expensive. In that case the market is described as volatile. Conversely,
a decreasing VIX often means less demand and therefore decreasing option prices, hence the market is
perceived as calm.

We consider a financial market composed of two financial assets: the risk-free asset and the S&P 500
(St)teqr, 12}, tradable at dates Ty and T = T +30 days. We suppose known the market price of call options
for any strike K > 0, so that by the Breeden-Litzenberger formula [15] we get the respective probability
distributions p and v of S7; and St,. We allow trading at time O in vanilla options with maturities 77 and
T,, and trading at time 77 in the S&P 500 and the forward-starting log-contract, that is the option with
payoff 7=
arbitrage-free upper bound for the VIX future expiring at T3, given by the smallest superreplication price
at time 0

In g% at Tp. In this setting, Guyon, Menegaux and Nutz [22] derive the model-independent
1

Baper (1, v) = inf </(O)+OO) i () p(de) + /(07%) u2(y) V(dy)> : (2.11)

where the infimum is taken over all (u,us) € L'(u) x L'(v) and measurable maps A, A such that for all
(x,y,v) € (0,+00)? x [0, +00),

uy () + ua(y) + A% (z,v)(y — ) + AF(z,v) (— T ETl ln% - v2> -0 (2.12)



is nonnegative. Similarly, the model-independent arbritrage-free lower bound for the VIX future expiring at
T is given by the largest subreplication price at time 0

Paub (1, v) = sup (/(O#OO) uy () p(dr) + /(O#Oo) us(y) V(dy)> :

where the supremum is taken over all (u1,us) € L*(u) x L'(v) and measurable maps A, A such that for
all (z,y,v) € (0,+00)? x [0, 4+00), (2.12) is nonpositive.

Note that the primal problem Pyyper (4, ) involves in (2.12) three variables x, y, s, which stand respectively
for the S&P 500 at time 77, the S&P 500 at time 75, and the VIX at time 7;. We would then naturally
expect the dual formulation to involve three marginals. Strikingly, the dual side of the superreplication of
the VIX takes the form of a WMOT problem with 2 marginals only thanks to concavity of the square root,
see [22, Proposition 4.10].

Proposition 2.9 (Guyon, Menegaux, Nutz, 2017). Let 0 < T1 < Ty and f: [1,4+00) — R4 be given by
f(x) = |In(x)|+ |x|. Let p,v € Pr((0,400)) be in the convex order, then the dual problem Dgyper consists of

Dsuper(//(‘a V) = sup / Cvix (l‘, 7rac) ,u(dx), (2'13)
w€ll s (p,v) J(0,+00)

when Cy1x: (0,+00) x P((0,+00)), (2,5) = /=127 o100y 12 (2) P(d9)- The valucs of Puuger(s,) and
D syper(pt, V) coincide.
The fact that p and v are defined on (0, +00) motivated Remark 2.7, that is the consideration of the

stability of the WMOT problem in the setting of Polish subspaces of R?. Note that Cyx is indeed an
admissible weak transport cost: on {(z,p) € (0,+00) x P¢((0,4+00)) | f(o to0) yp(dy) = z} it is well-defined

and continuous, and the map p — Cyx(z,p) is concave on {p € P¢((0,+0)) | [pyp(dy) = x} for fixed
x € (0,+00). Hence, we can apply Theorem 2.6 and find that the robust superreplication bound for VIX
futures depends continuously on the marginals:

Corollary 2.10. In the setting of Proposition 2.9, let the pairs u*,v* € P;((0,+00)), k € N, be in convex
order and converge in P¢(R) to pn and v respectively. Then there exist mazimisers 7%* € I (u*, V%),

lim Dsuper(ﬂk, Vk) = Dsuper(ﬂla V)v

k—+oo

and any weak accumulation point of (7%*)ren mazimises Dgyper (1, V).

2.4 Martingale monotonicity

A remarkable tool in the theory of optimal transport is cyclical monotonicity. It allows to determine opti-
mality of a coupling only by knowing its support. In its spirit the notion of finite optimality was developed
in context of martingale optimal transport in [11] and [21].

Definition 2.11 (Competitor). Let a = uxa, € PLRxR). We call o/ = p’ x o, € P}(RxR) a competitor
of a, if

pw=p and / y o (dy) = / yag(dy), p(dz)-almost everywhere.
R R

Definition 2.12 (Finite optimality). Let ¢: RxR — R be a cost function. We say that a Borel set I' € RxR
is finitely optimal for c if for every probability measure oz € P(R x R) finitely supported on I, we have

/ () aldz, dy) < / () o (dx, dy),
RxR

RxR

for every competitor o’ of a.



Under the assumption that ¢ is continuous and sufficiently integrable, there was shown in [11, Lemma
A.2] and [21, Theorem 1.3] that a martingale coupling is optimal if it is concentrated on a finitely optimal
set.

Recently the notion of martingale C-monotonicity, c.f. [7], was introduced for martingale optimal weak
transport (WMOT), which was therein used to show stability of the martingale optimal transport problem.

Definition 2.13 (Martingale C-monotonicity). We say that a Borel set I' C R x PY(R) is martingale C-
monotone iff for any N € N, any collection (x1,p1),...,(xn,pn) € T' and q1,...,qn € PY(R) such that

SN i =N g and [ ypi(dy) = [, ya(dy), we have

N

N
Zo(ﬂ%pi) < Z C(zi, ¢i)-

i=1

So far, it was known that martingale C-monotonicity is a necessary optimality criterion in the following
sense, c.f. [7, Theorem 3.4]: let 7* € I ;(p, v) be a martingale coupling which minimises (WMOT), then
J(7*) is concentrated on a martingale C-monotone set. This means explicitly that there is a martingale
C-monotone set I' with

(x,my) €' for p(dz)-almost every x. (2.14)

Remark 2.14. Conversely, if m € I/ (u, v) is a finitely supported coupling of the form % vazl 0z, (dz) pi(dy)
forx1 < --- < x, € R and py, - ,py € PY(R) and satisfies (2.14), then it is optimal. Indeed, in that
case (z1,p1), -, (zn,pn) € T and any martingale coupling 7’ € I (u,v) is of the form 7'(dz,dy) =
% Zf\il Sz, (dx) q;(dy), where q, - -+, qn € P(R) are such that vazl pi = Zil gi and foralli € {1,--- N},
Jzypi(dy) = z; = [, yqi(dy). By definition of martingale C-monotonicity, we get

N N
1 1
C(z,ms) p(dz) = N E C(zi,pi) < N E Clwi,q:) = - C(x, ;) p(dz),
i=1 i=1

RxR
hence 7 is optimal.

However, the question remained open if any martingale coupling satisfying (2.14) is optimal. The stability
result, Theorem 2.6, allows us to confirm that this is indeed the case.

Theorem 2.15 (Sufficiency). Let f: R — [1,400) and g: R — [1,+00) be continuous. Let i € P¢(R) and
v € Py(R) be in convex order, and C: R x Py(R) — R be a measurable cost function, continuous in the
second argument and such that there exists a constant K > 0 which satisfies

V(e.p) €R x Py(R), Clz.p) <K <f<x> +f g(y)p(dw) ,

Let T' be martingale C-monotone and © € Upr(p,v) be such that we have (2.14). Then 7 is optimal for
(WMOT).

In turn Theorem 2.15 allows us to strengthen [11, Lemma A.2] and [21, Theorem 1.3] by assuming less
continuity of the cost function.

Corollary 2.16. Let f: R — [1,+00) and g: R — [1,+00) be continuous. Let p € Pr(R) and v € Py(R) be
in convez order, c: R x R — R be measurable and y — c(x,y) be continuous for all x € R. Furthermore, let
K > 0 be a constant such that

c(z,y) < K(f(x) +9(y), V(z,y) eRxR.

Then w € M (p, v) is finitely optimal if and only if w is optimal for the MOT problem.
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3 Stability

This section is devoted to the proof of Theorem 2.5 and Theorem 2.6 about the stability of (WOT) and
(WMOT), and the corollary on the stability of the stretched Brownian motion in dimension one.

Proof of Theorem 2.5 and Theorem 2.6. First, we prove (a) and (a’). Let II(u,v) = H(,u, v) and Ve (p,v) =
Ve (p, v) in the setting of Theorem 2.5, and T1(u, v) = M (u, v) and Ve (u,v) = VM (u,v) in the setting of
Theorem 2.6.

Let (7")nen € (11, )N be such that Jx C(z, %) p(dx) converges to Ve(p, v) as n — +00. By tightness
of p and v we deduce the existence of a subsequence (7™ );en of (7™)nen which converges to some 7* €
I1(11, v) with respect to the weak convergence topology and therefore the topology of Pray(X x Y) since
7 (f®g)=p(f) +v(f) =7"(f ®g) for all | € N. By Proposition 5.8 (b) below we then have

v) < / C(x,m)) u(dz) < hmmf/ C(x dz) = Ve (u, v),
which shows that 7* is a minimiser for Ve (u, v) and proves (a) and (a’).
We now show that the convergence

VC(Ukka) — VC(M7V) (31)
k—+o00
holds under either Assumption (A) or Assumption (B) in the setting of Theorem 2.5, and in the setting
of Theorem 2.6 as soon as d = 1, which will prove (b) and (b’). Let 7* be a minimiser of Vo (u,v). By
Proposition 2.3 in the setting of Theorem 2.5 and Theorem 2.4 in the setting of Theorem 2.6 if d = 1, there
exists a sequence 7* € f[(uk,yk), k € N, which converges to 7* in AW;g4, which is equivalent to J(7*)
converging to J(7*) in Prgy(X x P(Y)).
Under Assumption (A), we then have by Lemma 5.12 (b) that

/X ) C(a,p) J(x*)(dw, dp) | —> /X . )C’(x,p) J(*)(da, dp). (3.2)

Under Assumption (B), the strong convergence of (1¥)ren to p and the weak convergence of (J(7%))ren
to J(7*) imply by Lemma 5.11 (b) that (J(7*))ren converges stably to J(7*), hence (3.2) still holds by
Lemma 5.12 (d).

Using (3.2) for the second equality, we then have

lim sup Ve (1%, v* <hmsup/ C(x, " dx)

k—4oc0 k— o0

= lim sup/ C(x,p) J(x*)(dx, dp)
X xPy(Y)

k—+oo
~ [ Clp) T e dp)
XxPg(Y)
=Ve(p,v).
Let (Ve (p*t, v%))1en be a subsequence of (Ve (u*, %)) ren converging to liminfy_, o Vo (uF, %), Let
7 € 1I(u,v) be an accumulation point of (7%:*);cy with respect to the weak convergence topology, which

exists by tightness of the marginals. Note that in the martingale case, the fact that 7 is a martingale coupling
is guaranteed by the W;-convergence of the marginals. Then by Proposition 5.8 (b) below, we find that

lim inf Ve (4, vF) = lim C(x, wko*) pht (da) / Oz, 7p) p(dz) > Ve (u, v).
k——+o0 l—+o0 X
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With (3.3), we conclude that limy_, o0 Vo (1F, %) = Vi (i, v), which proves (3. 1).

Let us now prove (c) and (¢), assuming that (3.1) holds. For k € N, let 7%* € II(1*, %) be a minimiser
of Vo (u¥, v*). For any subsequence (1%3*) jen of (7%*)ren converging weakly to some 7, Proposition 5.8 (b)
below ensures that

Volp,v) = lim Vo(pk, %) = lim C(z, 7k ") p(dz) /C’xﬂw) p(dz) > Ve, v),

Jj—+oo j—+oo Jx

so 7 is a minimiser of Vc(,u,u). In particular if Vc(u,u) has a unique minimiser 7*, it is the unique
accumulation point with respect to the weak convergence topology of the tight sequence (7%*)ren, which
therefore converges to 7* weakly and even in Pyqq(X X Y') since its marginals converge in Py(X) and P, (Y)
respectively. Hence (c) and (c’) are proved.

Finally, let us show (d) and (d’). The strict convexity of C(z,-) for all x € X yields uniqueness of
the minimisers. Indeed when 7,7 € H(u, v) then i(m + ) € ﬁ( v). When, moreover, m # 7, then
p({z € X | my # #,}) > 0 and since C(z, §(m, + 7)) < 2(C(, ;) + C(w, 7)) with strict inequality when

Ty # T,
/XC'(z, ”;”) ul(dz) < % </X C’(:c,ﬁx),u(dx)+/XC(x,7~rx)u(d;v)>. (3.4)

Let then 7* be the only minimiser of Vc(,u, v). To conclude the proof, it is enough to show that J(7**)
converges to J(m*) in Prgy(X x P(Y)) as k goes to +00. Let P* € Prgy(X x P(Y)) be an accumulation
point of (J(7%*))zen, which exists by Lemma 5.7.

To conclude, it suffices to show that P* = J(r*), which is achieved in three steps. Let Ay, v) = A(u,v)
(see the definition (5.3) below) in the setting of Theorem 2.5 and A(u, v) = Aps(u, v) (see the definition (5.5)
below) in the setting of Theorem 2.6. First we show that

P* e A, v). (3.5)

Next, we show that J(7*) and P* both minimise

Volp,v) :=  inf / C(z,p) P(dz,dp).
PeA(uw) Jx xP, (v)

Finally, we show the uniqueness of minimisers of Ve (u, /).
Let (J(m**)),en be a subsequence converging to P* in Prgy(X x P(Y)). By Lemma 5.9 below we have

/ p(dy) J (74 (de, dp) —> p(dy) P*(dz, dp),
(z,p)EX X Py (Y) I=+00 J(zp)eX xP, (V)

where the convergence holds in Prqq(X xY') as ! goes to +o0. Since the left-hand side is v which converges
to v in W, and therefore in the weak topology, we deduce by uniqueness of the limit that the right-hand
side is v, hence P* € A(y,v). In the setting of Theorem 2.6, since, as f,g € FL(R?), X x Py(Y) 3 (z,p) —
’x — fY yp(dy)’ € Prgy(X X Py(Y)), we have that

0=/ o- | yp(dm\ s i) o [ .
XXPy(Y) Y =400 JXxPy(Y)

hence P* € Ap(p,v).

Let us show that J(7*) and P* both minimise Ve (u,v). Note that since P* € A(u,v), we have P*(X x
P,(Y)) = 1. Since (J(7%*))en converges to P* in Pray(X x P(Y)), we find with Lemma 5.12 like in the
derivation of (3.2) that

/Y yp(dy)‘ P*(dz, dp),

/ Cla, p) J(*) (da, dp) — / C(x,p) P*(da, dp). (3.6)
XxPg(Y) I=400 Jx %P, (Y)
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Then (3.6), the definition of 7%* and last (a), resp. (a’), yield

/ C(x,p) P*(de,dp) = lim O, p) J (%) (de, dp)
XxP,(Y) =400 JX x Py (V)

lim Ve (uk,v™)
l—+o0

= VC(,U'H/)

:/ C(z,p) J(7*)(dz, dp).
XxPy(Y)

Let P(dzx,dp) = p(dz) P,(dp) € A(u,v). Then pu(dz) [

pEPH(Y) p(dy) P,(dp) € TI(, v), so by Proposition
5.10 below for the last inequality,

[ cna@dds) = [ Cln;) (o
XXPs(Y)

— VC’(M7”)

3.7
<L0G¢@mmmamﬁmm 30
<Léwgwmammmm

which proves that J(7*) minimises V¢ (1, v), and so does P*.
We now prove that J(7*) is the only minimiser of Vo (p, ). To do so, we first prove that any minimiser of

Vo (i, v) is in the image of J. Let then P be such a minimiser. For z € X, let 7, (dy) = fpePf(Y) p(dy) Py (dp)
and 7(dz, dy) = p(dz) 7p(dy). Then J(7) € A(u, v) and Proposition 5.10 below yields

/ C(z,p) J(7)(dz, dp) = / C(x,7tz) p(dx) < / / C(x,p) Py(dp) pu(dz).
XXPf(Y) X X ’Pf (Y)
By optimality of P, this inequality is an equality, hence for w(dz)-almost every x € X we have
Clais) = [ Clap) Pald),
Pr(Y)

and therefore P, = 0z, by the equality case of Proposition 5.10 below, or equivalently P = J(#). Therefore
any minimiser of Vo (u,v) is contained in J(II(x, v)).
Recall that for all 7 € II(u,v) we have

/ Cl(x,my) p(de) = / C(z,p) J(m)(dz,dp).
X

X XPg(Y)

With (3.7), we deduce that P € A(p, v) is a minimiser of Ve(u, v) iff P is the image of a minimiser of

I:/C(,u7 v) by J. By (3.4) the minimiser of Vo (p,v) is unique. This shows the uniqueness of minimisers of
Ve (p,v), and therefore the uniqueness of accumulation points of (J(7%*))ren, which is conclusive. O

The proof of Corollary 2.8 relies on the following Lemma.

Lemma 3.1. Letp > 1, and C, : RxPP(R) — R be defined for all (x,p) € RxPP(R) by C,(z,p) = WS(p,7),
where v € PP(R) does not weight points. Let Vé\f be the value function given by (WMOT) for the cost function
C,.

Let v > p and pF,vF € PT(R), k € N be in conver order and converge respectively to p and v in W,.
Then limy— 400 VAL (1*, %) = V2L (1, v) and the optimisers are converging in AW,..
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Proof. By Theorem 2.6 it is sufficient to show that p — W9 (v, p) is strictly convex. Since -y does not weight
points, the unique W,-optimal coupling between v and p € P,(R) is the comonotonous coupling x? given
by the map = — F, ' (F,(x)) i.e. the image of y by @ +— (x, F, '(F,(x))). For ¢ € P,(R) and A € (0,1) the
coupling x = (1 — A)x? + Ax? between v and (1 — A\)p + Aq is not given by a map unless F,; ' (u) = F, ' (u)
for all uw € (0,1) i.e. p=¢q. Therefore, when p # ¢,

(1= W0 (7,p) + WV (7,q) = / |z —y|” x(dz,dy) > W5 (v, (1 = A)p + Ag).

We can now prove the stability of the unidimensional stretched Brownian motion.

Proof of Corollary 2.8. Let v = N(0,1) be the unidimensional standard normal distribution and Cs : R x
P2(R) — R be defined for all (z,p) € R x P?(R) by Ca(z,p) = W3(p,7). Let VA1 be the value function
given by (WMOT) for the cost function Cs.

In the setting of Corollary 2.8, let 7* € Ips(p,v), resp. 7F € I (u*, V%) be optimal for Vé‘f(u, V), Tesp.
VA (u*, k). For (z,b) € R x R let B = (By);e(0,1] be a Brownian motion and

G*(x,b) = (IE [F;;(Fy(Bl — B+ bt))D and G*(z,b) = (E [F;;l(FV(Bl — B, + bt))D .

t€[0,1] te[0,1]

According to (2.10), (M, (M{)ejo,1]) and (Mg, (M )sej0,1)) are respectively distributed according to
i (d,df) = i (de) (G*(z, ). W)(df) and " (da, df) := p(d) (G*(z, ). W)(df),

where W denotes the Wiener measure on C([0,1]). Let x* € II(¢*, 1) be optimal for AW, (7% 7). Then

RxR

According to (2.10), for p*(dz)-almost every x € R, G*(z, B) is the stretched Brownian motion from
8 to 7% hence it is a continuous (Ft)teo,1-martingale, where (F3)¢c(o,1) is the natural filtration associated
to B. Similarly, for u(dz’)-almost every x € R, G*(z', B) is a continuous (F3);e[o,1)-martingale. Therefore,
for x*(dx,dz’)-almost every (z,2') € R x R, G¥(z, B) — G*(2/, B) is a continuous (F;);e[o,1]-martingale.
Using Doob’s martingale inequality for the second inequality, the fact that F.,(Bj) is uniformly distributed
on (0,1) for the first equality and the fact that the comonotonous coupling between 7% and 7, is optimal
for W,.(wk, 7%,) for the second equality, we get for x*(dz, dz’)-almost every (z,2') € R x R

WGk (z, ), W,G(z, ), W) <E l sup !Gk(amB)t - G*(x',B)t|T

t€[0.1]
< (+57) Biete By -6 B
= () Bl @) - E2E @
- <Tr1)rwg(ﬂ’;,ﬂ;,).

We deduce that

r

Aty < () [ o= e wrt ) i) = (1) awite),
X

where the right-hand side vanishes as k goes to +oo in virtue of Lemma 3.1. O
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4 Martingale monotonicity

In this section we prove the claim that martingale C-monotonicity is sufficient for optimality for (WMOT).
For g : Y — [1,400) continuous, we denote

FeY):={f:Y —[1,+00) continuous |Vy €Y, f(y) > g(y)}. (4.1)

When Y = R¢ for some d € N*, we denote

FHRY = {fe}'(Rd)Hh Ry — [1,400), Mo _, +ooandf:hog}. (4.2)

T t—+oo

Proof of Theorem 2.15. Let h € F4(R) be such that v(h) < 400, whose purpose will be revealed later in
the proof. To demonstrate the main idea without further technical details, we assume for now that p is
concentrated on a Polish subset K C R and the restriction C| &xP,(r) 18 continuous. Let X, : @ — R,
n € N be independent random variables identically distributed according to p and G C ®g4(R x P(R)) be
a countable family which determines the convergence in Prgy(R x P(R)) (see [16, Theorem 4.5.(b)]). By
the law of large numbers, almost surely, for all ¢ € G,

n

)
-~ 1/155275 TX dxdp 1/1X77Tk
"/; RxP(R) (:2) Ot mx ) Z )
EW(XMWXJ]
ot (4.3)
/z/J (z, ;) u(dx)
[ e I do.dp)
RxP(R)
Moreover, almost surely, for all n € N,
(Xn,mx,) € TN (K x Py(R)), (4.4)

and by the law of large numbers again, we have almost surely

e Z mx (), o0 Bl (0] = [ ma(h) i) = vt (4.5)

R

Let then w € Q be such that (4.3), (4.4) and (4.5) hold when evaluated at w and set =, = X, (w) and
7" (dx, dy) = L0, 04, (dw) 74, (dy) for n € N. Then 7" has first marginal p" = L 37" | 6,, and second
marginal v" = fx R 7z (dy) p™(dx). We deduce that 7™ is a martingale C-monotone coupling between u™
and "™ which satisfies

Z O(ar o) J(r) in Pray(K x P(R)),

n—>+o<>
k=1

SM—‘

Thus 7™ converges to m in AWyg4 as n goes to +oo. In particular we have convergence of the marginals in
P¢(R) and P4(R) respectively, and even convergence in Pp,(R) of the second marginals since v™(h) converges
to v(h) as n — 400, consequence of (4.5) evaluated at w. Note that due to martingale C-monotonicity of
n™  we have according to Remark 2.14 that

Vo) = [ ) o),
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where we recall that the value function V2! is defined in (WMOT). Since u™, resp. v" converges to j, resp. v
in P¢(R), resp. P,(R), by Theorem 2.6 we have convergence of the optimal values VA (u", v™) — V2 (u,v)
as n goes to +oo. By convergence of (v"(h))nen to v(h), the convergence J(7") — J(m) is not only in

Pras(K x P(R)), but even in P, ; (K x P(R)) (see Definition 2.2) and therefore P, ; (K x Pu(R)) by

Lemma 5.2 (b) below. In that context, C|z, p, &) € Qf@ﬁ(f{ x Pp(R)), so

/R O, m0) p(dr) = / O, p) J () (de, dp)

K xPp(R)

= lim C(z,p)J(x")(dz, dp
Jm [l I )

= lim C(z,my) p"(dx)

n—-+oo R

— : M n . n
_nkr—&r-loovc <M Y )

Ve (p,v),

hence 7 is optimal for VA (u,v).

Next, we drop the additional joint-continuity assumption on C. Since v(g) < 400, there exists by the de
La Vallée Poussin theorem h € F,(R) such that v(h) < +-00. For N € N*,let By = {p € P4(R) | p(h) < N},
which is a compact subset of Py(R) by Lemma 5.6 below, and C(By) be the set of continuous functions
from By to R, endowed with the topology of uniform convergence. The map ¢"V: R — C(By) given by
o™ (x) = C(z, )|y is Borel measurable due to [2, Theorem 4.55]. Let ¢ € (0,1). By Lusin’s theorem there is
for every N € N* a compact set K~ C R such that the restriction ¢V |~ is continuous and u(KN) > 1— 5 -

We have
N Nye €
u( N K )21— (BN =1- > v =1-¢
NeN* NeN= NeN=

Let K* = (\yen- KN then for all N € N* the restriction ¢ |- is continuous. We claim that C| - X P (R)
is continuous w.r.t. the product topology of R x P,(R). To this end, take any sequence (x,pk)ren €
(K¢ x P (R))N with limit point (z,p) € K€ x P, (R). Since py — p in P, (R) as k goes to +oo, the sequence
(pr(h))ken is convergent and therefore bounded so there exists N € N such that p,pr € By for all k € N.
As ¢™ (x1) converges uniformly to ¢V (), we have

Clzr,pr) = ¢N(5Ek)(m) — ¢N($7p) = C(z,p).

k—+oco

Therefore, C|g=xp,(r) is continuous.

Let pu* = ﬁuh@, = puf Xy, = ﬁﬂ;{axk and ¢ be the second marginal of 7¢. Obviously p° is
concentrated on K¢. Since u(K¢)p® < pand 75 = 7, m° is martingale C-monotone and satisfies (x, %) € T’
for pf(dx)-almost every x. Finally, u(K®)v(h) = [.mz(h)p(der) < v(h) < 4oo, hence v° € Pp(R).
Therefore the reasoning of the first part applied with (K¢, ¢, v, 7°) replacing (K, u1, v, w) proves that ¢ is
optimal for VM (uf, v°).

Next, we convince ourselves that J(7) converges to J(m) stably in P;g7 (R X P(R)): let ¢: R x P(R)
be measurable and absolutely dominated by a positive multiple of f & il, then

1

J(x®) @) = / Vo) no(d) = s [ e ) = / (e, m0) plde) = T(m) (),

where we employed dominated convergence and that 1 —e < p(K*¢) < 1. In particular, the marginals (4€)es0
converge to p in Pr(R) and strongly, whereas the marginals (v°).o converge to v in P, (R) for € N\, 0. Using
item (d) of Lemma 5.12 yields

lim VM ul/",yl/" = lim C(z,p) J(r/™)(dz, dp
im VR )=t [ Gl
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- / O, p) J () (de, dp) = / O, ma) pi(da).
Rx P, (R) R

The marginal sequences (u'/™),en+ and (/") cn- satisfy the assumptions of Theorem 2.6. Hence, by
item (b’) with (B) of the very same theorem we have that

V) = i VA G = [ O ),

n—-+o0o

proving optimality of 7. O

5 Appendix

The adapted weak topology is defined as the initial topology under the trivial embedding map J from
P(X xY) to P(X x P(Y)), namely

J:PXXY)d7m=pxm > pu(dr)dr, (dp) € P(X x P(Y)). (5.1)

Conversely, it is widely known that we can associate to a probability measure P € P(P(Y)) its intensity
I(P)(dy) = prP(Y) p(dy) P(dp) € P(Y). For the extended space P(X x P(Y)) we naturally define the

extended intensity I by

P PX xP(Y) 3 P / p(dy) Plde,dp) € P(X x V), (5.2)
peEP(Y)
which associates to each P € P(X x P(Y)) a coupling I(P) € P(X x Y). We note that I is the left-inverse
of J.
For (u,v) € P(X) x P(Y), we define the set of extended couplings A(u,r) between p and v as the set of
probability measures on P(X x P(Y)) whose extended intensity is a coupling between p and v, that is

Alpv) = {qu x P, € P(X x P(Y))| /( ey ) Pl ) = u(dw}. (5.3)

)
If f: X > R" and g: Y — R" are measurable functions, then any P € A(u,v) satisfies

/ f(x) P(dz,dp) = / f(x) p(da),
XxP(Y) x -
and /Xxp(y)/yg(y)p(dy)P(dx,dp):/ 9(y) v(dy).

Y
For pu,v € PY(R?), we define the martingale counterpart Aps(u,v) of A(u,v) as the set of probability
measures on PH(RY x P(R?)), whose extended intensity is a martingale coupling between p and v, that is

Ap(p,v) = {P € Alp,v) | / yp(dy) =z, P(dz,dp)-almost everywhere} . (5.5)
Rd

5.1 Extension from P" to Py.

We recall that unless explicitly stated otherwise, P(Y') is endowed with the weak convergence topology, and
for any continuous map f : Y — [1,4+00) we endow the space Pr(Y) = {p € P(Y) | p(f) < 4+o0} with the
topology induced by the following convergence: a sequence (py)ren € Py (Y)N converges in P(Y) to p iff py
converges weakly to p and py(f) converges to p(f) as k — +o0.

As mentioned in Section 2, this extension emerged from the need to overcome the inconvenience of the
non-compacity of the W,-balls {p € P"(Y) | Wr(p,d,,) < R}, R > 0 for the W,-distance topology. All the
following lemmas together show that this extension enjoys nearly the same flexibility as the usual Wasserstein
distance topology and most importantly benefits of a helpful compacity result, see Lemma 5.6 below.

17



Remark 5.1. We continue with some remarks on the structure of Py(Y):

(1) Convergence in P¢(Y) can be described differently: let (py)ren converge to pin Ps(Y'), andlet g € C(Y)
be such that 0 < g < f. By Portmanteau’s theorem we have p(g) < lim infy_, 1 px(g9) and p(f)—p(g) =

p(f —g) <liminfys 4 oo pr(f — 9) = p(f) — limsup,_, o px(g), hence limsup,,_, , . pr(g9) < p(g). We
deduce that

Pk~ pin Pi(Y) <= prlg) — plg), Vge @s(Y), (5.6)

k—+oco
when ®;(Y) := {g € C(Y) | g is absolutely dominated by a positive multiple of f}.
It is immediate that for » > 1, this topology is finer than the one induced by W, on P;(Y) if f
belongs to the set F"(Y") of real-valued continuous functions defined on Y and bounded from below by
y = 1+dy (Y, 90):

(2) The set Ps(Y) is naturally embedded into the set M (Y") of all bounded positive Borel measures on
Y, endowed with the weak topology, via the following continuous injection

v Pp(Y) = M(Y),  u(p)(dy) = f(y) p(dy).

Clearly, the topology on P;(Y) coincides with the initial topology under :. Even more, the set
U(Pr(Y)) ={me M (Y): m(%) = 1} is a closed subset of M (Y) since % is continuous and bounded.
As such, we deduce that P;(Y") is a Polish space.

(3) By [12, Theorem 8.3.2 and the preceding discussion], we have that the weak topology on M (Y) is
induced by the norm

[mi —mallo:= sup  (mi(g) —m2(g)).
g: Y—[—-1,1]
g is 1-Lipschitz

This permits us to define a metric on P;(Y) via

We(p,q):=  sup  (p(fg) —aq(f9)) = llt(p) — t(q)llo- (5.7)
g: Y—=[-11],
g is 1-Lipschitz

Thus, Wy is a complete metric compatible with the topology on P#(Y).

From now on, we equip Pf(Y) with W;. A continuous function f: Y — [1,400) can naturally be lifted
to a continuous function f: P(Y) — [1,400) by setting

Fo) = p(f). (5.8)
Let us recall some notation. For any probability P € P(P(Y)) we denote its intensity I(P) € P(Y),
defined by I(P)(dy) = fp(y)p(dy) P(dp). Then we have P(f) = I(P)(f). For two maps f : X — R and
g:Y >R, wedenote fdg: X xY 3 (z,y) = f(x)+ g(y).
As we are solely interested in topological properties, the next lemma shows that we can freely switch
between thispaces Ps(P(Y)), Ps(Ps(Y)), and PL(Ps(Y)), the latter’s definition being given by (1.1) with
(1,P¢(Y), Wy) replacing (r, X,dx).

Lemma 5.2. (a) Let f:Y — [1,400) be continuous. Then
Pi(P(Y)) =P;(Ps(Y)), (5.9)

and their topologies are equal. If moreover one endows P¢(Y) with the metric Wy defined by (2.1),
then

PHP(Y)) = PH(PH(Y)) = P(Ps(Y)), (5.10)

and their topologies are equal.
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(b) Let f: X = [1,400) and g : Y — [1,4+00) be continuous. Then
Prag(X x P(Y)) = Prag(X x Py(Y)), (5.11)
and their topologies are equal.

Remark 5.3. The equalities (5.9), (5.10) and (5.11) are to be understood up to an identification, namely we
consider that for two measurable sets Z' C Z, a probability measure p € P(Z) belongs to P(Z') if p(Z’) = 1,
the underlying identification being of course between p € P(Z) and the probability measure p’ € P(Z’)
defined for any measurable subset A C Z’' by p'(4) = p(AN Z').

Proof. Let us prove (a). The inclusion P'f(P(Y)) D) ’Pf(Pf(Y)) is straightforward. Conversely, let P €
P#(P(Y)). Then by definition,

P(f) = / p(f) P(dp) < +ov,
PY)

which can only hold if p(f) is P(dp)-almost everywhere finite, or equivalently P(P;(Y)) = 1, hence
Ps(P(Y)) C Ps(Ps(Y)) and therefore we have equality. To see that the two topologies match, let us
show that
k . X k . A

Since the topology on Pf(Y) is finer than the weak topology on P(Y'), we have C(P(Y)
so the direct implication is trivial. Conversely, suppose that P* converges in Pf(P(Y)) t
to +0o. Let h € C(Y) be bounded. Then h € C(P(Y)) is bounded, and I(P*)(h) = P¥(h) converges to
P(h) = I(P)(h) as k goes to 4+o00. Moreover I(P*)(f) = P*(f) converges to P(f) = I(P)(f). This shows
that (I(P¥))ren converges in P(Y) to I(P). Therefore {I(P*) | k € N} is relatively compact in P(Y).
We deduce by Lemma 5.4 below that {P* | k& € N} is relatively compact in Pi(Ps(Y)). Let @ be an
accumulation point of (P¥)gey in P f(Pf (Y)). In particular @ is by the direct implication shown above an

) C C(Pp(Y)),
o P as k goes

accumulation point of (P*)pey in 7315(7?(3/'))7 hence (Q = P by uniqueness of the limit since the topology is
metrisable and therefore Hausdorff.

Let us now prove the second part of (a). We endow Pf(Y) with the metric W¢. To see that the sets
P(Ps(Y)) and P (Ps(Y)) are the same, we find

P(f) < 400 += p(f) P(dp) < +o0 <= Wi (p dy,) P(dp) < +o0,
P(Y) P(Y)

which is an easy consequence, as well as the equality of the topologies, of

Vp e Pr(Y), p(f) = f(yo) < Wy(p.dy,) < p(f) + f(yo)-

Let us now prove (b). We derive the equality Prgg(X x P(Y)) = Prgg(X X Py(Y)) as in (a) since

P(fog) = /X o @) pL0)) Pl ) < o0

which can only hold if the second marginal of P is concentrated on P, (Y"). To see that the topologies are equal,
the only nontrivial part is, as in (a), to show that if (P*),en converges in Pragy (X x P(Y)), then {P* | k € N}
is relatively compact in Pra;(X x Py(Y)). Let then (P*)ren converge in Prayy(X x P(Y)) to some P. Recall
moreover the definition of the extended intensity I given by (5.2). Let hy : X — R and hy : Y — R be
two continuous and bounded maps. Then the map H : X x P(Y) > (z,p) — [y hi(x)ha(y) p(dy) is
continuous and bounded. Denoting & : (z,y) — hyi(x)ha(y), we deduce that I(P*)(h) = P*(H) converges
to P(H) = I(P)(h) as k goes to +oc. Hence (I(P¥))zen converges weakly to I(P). Then by continuity of
the projections the first marginal ;*, resp. the second marginal v* of I (P*) converges weakly to the first
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marginal u, resp. the second marginal v of f(P) Since the maps f@0 : (z,p) — f(z) and 00§ : (z,p) — §(p)
belong to C(X x P(Y)) and are dominated by f @ g, we also have that

pH(f) = PF(f @ 0) o PUF@0) = p(f) and vF(g) = P*(0 @ g) o PO0@g) =vlg),

which shows that (1%, v%)en converges in Py (X)x Py (Y) to (1, v). Therefore (I(P¥))gen is tight in P(X xY)
and both projections {¢* | k € N} and {v* | k € N} are relatively compact respectively in P;(X) and P(Y),
so by Lemma 5.7 below {P* | k € N} is relatively compact in Pygy(X x Py(Y)), which proves the claim. [

Lemma 5.4. A set A C Pp(Ps(Y)) is relatively compact if and only if the set of its intensities I(A) C Py(Y')
is relatively compact. '

Proof. The first implication follows as in [6, Lemma 2.4] by continuity of I, c.f. Lemma 5.9 below. The
reverse implication can be shown by pursuing the same idea as in [6, Lemma 2.4] with slight modification:
instead of considering the map y — dy (y,y’)t we use y — f(y). O

Lemma 5.5. A set A C Py(Y) is relatively compact if and only if it is tight and

Ve >0, JR >0, sup

/ f(y) puldy) <e.
reAJ{yeY|f(y)>R}

Proof. The proof of this lemma runs along the lines of [6, Lemma 2.5] when replacing y — dy (y,y’)! by
y = f(y)- 0

For g : R? — [1,+00), recall the definition (4.2) of the set ]-';(Rd)‘

Lemma 5.6. Let d € N* and R? be endowed with a norm |-|, and let g: RY — [1,400) be continuous. Then
Jor all f € FJ(RY), the set Br := {p € P(R) | p(f) < R} is a compact subset of Py(R?).

Proof. Let R > 0, (pn)nen be a sequence in BE and € > 0. There exists > 0 such that for all z € R,
|z| > r implies f(z) > £. Let K = {z € R? | |z| < r}. For all n € N, we have R > p,(f) > p,(RI\K)Z,
hence p,(RI\K) < . So (pn)nen is tight, and by Prokhorov’s theorem there exists a subsequence, still
denoted (pn)nen for notational simplicity, which converges weakly to p € P(R). Since f is continuous and
nonnegative, we have by Portmanteau’s theorem

p(f) <liminf p,(f) < R,

n—-+o0o

so p(f) € Bgr. It remains to show that this convergence also holds in W,. By Skorokhod’s representation
theorem, there exists for all n € N a random variable Z,, ~ p,, such that (Z,)nen converges almost surely
to a random variable Z ~ p. For all n € N we have

pn(9) = Elg(Zn)] < E[f(Zn)] = pn(f) < R,

so by the de La Vallée Poussin theorem, (g(Z,,))nen is uniformly integrable. We deduce by

lim p,(g9) = p(g)

n—+oo
and (5.6) that (p,)nen converges in Py(RY) to p, so B is compact. O

For a probability measure m € P(X x Y), we denote by projy () and projy (7) its X-marginal and
Y-marginal, respectively. Recall moreover the definition of the extended intensity I given by (5.2).

Lemma 5.7. Let f: X — [1,400) and g: Y — [1,+00) be continuous. The following are equivalent:
(a) A set II C P(X xY) is tight and both projections, projx(II) C P¢(X) and projy (II) C Py(Y), are

relatively compact.
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(b) J(II) as a subset of Pray(X x Py(Y)) is relatively compact.
Conversely, the following are equivalent:
(a’) A CPrag(X x Py(Y)) is relatively compact.
(b’) I(A) € P(X x Y) is tight, and both projections, projx(I(A)) C Ps(X) and projy (I(A)) C P,(Y), are
relatively compact.

Proof. For this lemma works the same proof as in [6, Lemma 2.6] when using Lemma 5.4, the characterisation

A

of relative compactness given in Lemma 5.5 and continuity of 7, see Lemma 5.9. O

Proposition 5.8. Let f: X — [1,400) and g: Y — [1,+00) be continuous functions, and C: X x Py(Y) —
R U {400} be lower semicontinuous and bounded from below by a negative multiple of f @ §. Then

(a) The map

Prog(X x Py(Y)) 3 P C(x,p) P(dz,dp) (5.12)
X xPgy(Y)

is lower semicontinuous.

(b) Suppose in addition that for all x € X, the map p — C(x,p) is conver. Then

Prag(X x Y) 31> /X Oz, m) p(dz), (5.13)

where v denotes the X -marginal of w, is lower semicontinuous.

Proof. Lower semicontinuity of (5.12) is obtained by standard arguments. To see (5.13), let (mx)gen €
Prag(X x V)N converge in Prgy(X x Y) to some 7. We find by the first part of Lemma 5.7 an accumulation
point P € Prgy(X x P(Y)) of (J(7%))ken. By possibly passing to a subsequence we can assume that
Pk .= J(7*) converges to P in Pgy(X x P(Y)) as k goes to +o00. Write ¥, k € N and p for the X-marginal
of 7F and 7, respectively. Due to (5.12), we obtain

lim inf/ C(x,7) p*(dz) = lim inf/ C(x,p) P*(dx, dp)
X XxPr(Y)

k—+oco k—+oco

Z/XXP " C(z,p) P(dx,dp)
> [ 1P pia
= /XC(mj(P)x) u(dx),

where we used Proposition 5.10 below for the last inequality. Since I is continuous by Lemma 5.9 below, we
find that 7" :AI(P’“) — I(P) and I(P*) = 7% — 7 as k — +o00. But the weak topology is Hausdorff and
therefore m = I(P) yielding

liminf [ C(z,7%) p*(dz) > / C(z,7z) p(dx),
b

k— 400 X
and thus (5.13). O
Lemma 5.9. Let f: X — [1,40) and g: Y — [1,400) be continuous. The maps
L:Py(P(Y)) = Py(Y), I(P)(dy) := /( )P(dy)P(dp), (5.14)
P(Y
I: Prag(X x P(Y)) = Prag(X x Y), 1(P)(dz,dy) ¢:/ ( )p(dy)P(dI,dp), (5.15)
XxP(Y

are continuous.
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Proof. Let (P*)ren be a sequence in Py (P(Y)) with limit point P. Let h € Cy(Y'), then h € Cp(P(Y)). Thus,

lim I(P*)(h) = lim P*(h) = P(h) = I(P)(h),

k——+o00 k—+o0
. k . k(AN _ DAY
L I(PP)(g) = lim P(3) = P(g) =I(P)(g),

which shows by (5.6) continuity of I.
Next, let (P*)ren be a sequence in Prgy(X x P(Y)) converging to P. Let h € Cp(X x Y), then

h(z,p) = Jy h(z,y) p(dy) is contained in Cy(X x P(Y)). Again, we find

lim [(P*)(h) = lim P*(h) = P(h) = I(P)(h),

k——+oco k— 400
Jim I(PY)(fog) = lim PH(fog)=P(foi)=1P)(fog)
— 400 k—+o00
whereby we derive continuity of I by virtue of (5.6). O

Proposition 5.10. Let f: X — [1,+00) be continuous, C : P¢(Y) — R be convez, lower semicontinuous
and lower bounded by a negative multiple of f. Then for all Q € Ps(P(Y)) holds

CI(Q) < / C(p) Q(dp). (5.16)

Pr(Y)
If moreover C' is strictly convex, then (5.16) is an equality iff Q = 6r(q)-

Proof. Let Q € P(P(Y)), P, : @ — P(Y), n € N* be independent random variables identically distributed
according to @ and G C ®;(P(Y)) be a countable family which determines the convergence in P;(P(Y))
(see [16, Theorem 4.5.(b)]). By the law of large numbers, almost surely, for all ¢ € G,

n

SR~ EW(A)]=QW) and ~ S C(R) — EC(R)]=QC).  (517)
k=1 k=1

S

Let w € Q be such that (5.17) holds when evaluated at w and set p, = P,(w) for n € N*. Then
(230, 5Pk)neN converges in P¢(P(Y)) to Q. By Lemma 5.9, LS, pi converges to 1(Q) as n — +oc.
By lower semicontinuity of C' for the first inequality, convexity of C' for the second one and (5.17) evaluated
at w for the equality, we get

I I
o 1 < Tominf & _
C(1(Q)) < liminfC <n kzlpk> < lim nf - ;O@k) Q(0). (5.18)

If Q = d7(q) we have trivially equality in (5.16). So, assume that @ is not concentrated on a single point,
and that C is strictly convex. There are h € ®;(Y') and b € R such that A = {p € P;(Y) | p(h) < b} satisfies

Q(A) > 0 and Q(A°) > 0. (5.19)

Indeed, pick any points p1,ps € Pr(Y), p1 # p2 in the support of @, then the Hahn-Banach separation
theorem provides h € ®;(Y) and b € R such that p;(h) < b < pa(h). As both points lie in the support of @,
and {p € Ps(Y) | p(f) < b} and {p € Ps(Y) | p(f) > b} are open subsets containing p; and ps, respectively,
we obtain (5.19). Write Q1 (dp) := ]IA%((UZ’)) and Q2(dp) := 1 4¢ g((iﬁ)). By the definition of A, we have that
I(Q1)(h) < b < I(Q2)(h) and especially I(Q1) # I(Q2). By (5.16) we find

Pr(Y)

/P | €)@ = C(1(@) and / C(p) Qa(dp) > C(I(Qn).
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Hence, as Q = Q(A)Q1 + (1 — Q(A))Q2 we get

/ C(p) Qdp) = / CP)QA) Qi (dp) + / C(p)Q(A°) Qaldp)
Pr(Y) Pr(Y)

Pr(Y)
> Q(A)CI(Q1)) + (1 - Q(A)CI(Q2))
> C(QA)I(Q1) + (1 — Q(A)I(Q2)) = C(1(Q)),

where we used 1(Q1) # I(Q2) and strict convexity for the last inequality. O

5.2 A Pormanteau-like theorem for Carathéodory maps

Let (7%)ren be a sequence of probability measures defined on X x Y converging in Prag(X xY) to m, and
¢: XxY — Rbea (lower) Carathéodory map, that is a measurable function which is (lower semi-)continuous
in its second argument. The goal of the present section is to determine in which situation we can connect
the asymptotic behaviour of [y, c(z,y) 7%(dz,dy) and [y c(z,y) w(dz,dy). We recall that (7%)gen is
said to converge stably to 7 iff for every bounded measurable map ¢ : X — R and bounded continuous map
h:Y =R

/ g(x)h(y)ﬂ’“(dfc7dy)k—> g9(z)h(y) m(dz, dy). (5.20)
XxY -+ Jxxy

We say that a sequence (u*)ren of probability measures on P(X) K-converges in total variation to y iff
for every subsequence (1*);ey we have

1 n
— E pFi — u in total variation.
n = n—-+oo

Lemma 5.11. Let m,7% € P(X xY), k € N be with respective first marginal p, u*. All of the following
statements are equivalent:

(a) (m")ren converges to T stably.
(b) (7%)ren converges to m weakly and (u*)ren converges strongly to pu.

(c) (%) ren converges to ™ weakly and every subsequence of (u¥)ren has an in total variation K -convergent
sub-subsequence with limit .

Proof. We prove “(a) = (b)”. The definition of stable convergence given by (5.20) is in the Polish set-up
by [13, Theorem 8.10.65 (ii)] equivalent to

/ C(,CC, y) ,/Tk (dxa dy) — C(ﬂf, y) W(dl‘, dy)
XxY k=too Jxxy
for all c: X xY — R which are bounded and Carathéodory. Thus, stable convergence is stronger than weak
convergence. For all measurable subsets A C X, we find by setting g = 14 and A =1 in (5.20) that
k
p(A), o pulA).

Next we show “(b) = (c)”.

Let p*(dx) = p*(x) u(dx) + n*(dz) be the Lebesgue decomposition of u* w.r.t. p. Since n* is singular
to p there is N* € B(X) such that n*(N*) = n*(X) and u(N*) = 0. Define N = (J, oy N* € B(X), then
n*(N) = n¥(X) for all k € N and u(N) vanishes as a countable union of null sets. Thus, n*(X) = u*(N) —
u(N) = 0 as k — 4oo. Since (p*)ren is bounded in L'(u) there is by Komlés theorem a K-convergent
subsequence to some limiting function p € L'(u). We have

n
1 ki .
- Z pr S P pas.

— 400
=1
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By [12, Corollary 4.5.7] the above convergence even holds in L!(x). We find for any measurable subset

ACX
lf kzx " " -
-/An l:lp (@) nld )n%Jroo/Ap( ) u(dx) = p(A).

Hence, p(z) = 1, u(dz)-almost surely and

( Zu’“%u)n Zp’“ )—1

Finally we show “(c) = (a)”. If (7*)ren does not converge stably to 7, then there is a bounded
Carathéodory function ¢: X x Y — R, such that

n—-+o00

lim sup ‘/ c(x,y) 7 (dz, dy) 7/ c(:c,y)w(d:c,dy)‘ > 0.
XXY XxXY

k——+o0

Hence, w.l.o.g. there is a subsequence (7%i);cn such that 7%i(c) > 7(c) + § for some § > 0. Especially,
we have for any sub-subsequence (7% );en of (7%7) ey that

% zn: w9 (¢) > m(c) + 6, (5.21)
i=1

whereby the Cesaro-means of the sub-subsequence are not stably convergent. By assumption there exists a
subsequence (%9 );en of (ubs )jen which K-converges in total variation to . For n € N* define

1 n ‘ 1 n ‘
=— E phic and A" = = E i,
n 4 n <
i=1 1=1

We will show that (#™),en+ converges stably to 7, which will contradict (5.21) and end the proof. Let
A" (dz) = a"(x) pu(dx) + 7" (dx) be the Lebesgue decomposition of 4™ w.r.t. p. Define the auxiliary sequence

7" (dz, dy) = (LA p"(2) 77 (dy) + (1 = p"(2) 7o (dy)) p(da).
Let ¢: X x Y — R be Carathéodory and absolutely bounded by K, then

c(x,y) 7" (dz,dy) — c(x,y) 7" (dx, dy)
XxY XxXY
<x ([ 10@ =185 @ o)+ [ (1= @) ) + 100

<K (/ @) = 1 ) + 207 (X))

<2KTV(i™,pu) — O.

n——+00

(5.22)

In particular, we have found that (7"),en+ converges to m weakly. Note that the first marginal 7" is pu,
and therefore [24, Lemma 2.1] yields stable convergence of 7" to m as n — +o0o0. By (5.22), we find that
(7™)nen+ also stably converges to . O

Lemma 5.12. Let f: X — [1,+00) and g: Y — [1,4+00) be continuous, and let (7¥)reny converge to m in
Pf@g(X X Y)

(a) If c: X xY — RU {400} is lower semicontinuous and bounded from below by a negative multiple of
g ® h, then

liminf/ c(z,y) 7*(dz, dy) > / c(z,y) n(dx, dy).
XxXY XxXY

k—+o00
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(b) If c: X xY — R is continuous and absolutely bounded by positive multiple of g @ h, then

lim c(x,y) 7" (dx, dy) = / c(x,y) w(dz, dy).
XxXY

k—+oo Jxxy

(¢c) If ¢: X XY — RU {400} is lower Carathéodory and bounded from below by a negative multiple of
g @ h, and 7 converges to T stably, then

lim inf c(x,y) 7 (dx, dy) > / c(z,y) n(dx, dy).
k=too Jxxy XxY

(d) If c: X x Y — R is Carathéodory and absolutely bounded by a positive multiple of g © h, and 7"
converges to m stably, then

lim c(a,y) 7" (dz, dy) = / c(z,y) m(dz, dy).
XXY

k——4o00 XxY

Proof. These results are well-known. Note that by [12, Theorem 8.10.65] we have for every bounded lower
Carathéodory map c that 7 — 7(c) is lower semicontinuous w.r.t. the topology of stable convergence. O

5.3 On the continuity of the marginal distributions of the stretched Brownian
motion

The following Lemma shows that the stretched Brownian motion provides a convenient tool to approximate
two probability measures in the convex order with atomless ones still in the convex order.

Lemma 5.13. Let u,v € P%(R) be such that u <. v and (u,v) consists of a single irreducible component
= (I,7). Let (M{)e[0,1] be the unidimensional stretched Brownian motion from u to v. Then

(a) For each t € (0,1) the distribution v, of M, is atomless.
(b) For all s,t € [0,1] such that s < t, (vs,14) consists of the single irreducible component I.

Proof. Let us first prove (a). Let t € (0,1) and y € R. Let v = N(0,1) be the unidimensional standard
normal distribution and Cy : R x P%(R) — R be defined for all (x,p) € R x P%(R) by Co(x,p) = W2(p,).
Let VCI‘;I be the value function given by (WMOT) for the cost function Cy and 7* € I (p, ) be optimal for
VAT (i, v). According to (2.10),

M = (X, By),

where X ~ 4 is a random variable independent of the Brownian motion (B;)sep,1] and ¢; : R x R — R is
defined for all (z,b) € R? by

+(2,0) / L (VI—ty+b)) y(dy). (5.23)

In order to prove that P({M; = y}) = 0, it clearly suffices to show that for u(dz)-almost every z € R,

P({pt(z, Bt) = y}) = 0. (5.24)

The map T = F. ! o F, is nondecreasing. Let b > b’ and assume that T(v/T — ty +b) = T(y/1 — Lty + V')
for all y € R. By monoton1c1ty of T' we deduce that T has to be constant on all intervals of R of length b — b’
and therefore on R. So assume that T is not constant. Then there exists y € R such that T'(v/1 —ty +b) >
T(V1—ty+1V). As F, is continuous and F;g*sl is left-continuous, we find an € > 0 such that

Vy' € (y—¢e,yl, T(HW1—ty +b)>TH1-ty +1),
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hence ¢ (z,b) > ¢i(z,b). We deduce that b — ¢;(x,b) is increasing and therefore one-to-one, hence the
equation ¢y (z,b) = y has at most one solution b*. Denoting by b* any real number if the latter equation has
no solution, we then have

P({pi(z, By) = y}) <P{B;=b"}) =0.

In order to prove (5.24) and conclude the proof, it remains to show that for u(dz)-almost every z € R,
the map F.. P F, is not constant. Since vy is the unidimensional standard normal distribution and 7 is a
martingale kernel it is equivalent to show that for u(dx)-almost every x € R, 7% # §,. This is done using
the WMOT monotonicity principle. By (2.14) there exists a martingale C’g—monotone set I' € R x PY(R)
such that (z,7%) € T for all z in a p-full set A C R. This implies that for all z,2’ € A and p,p’ € PY(R)
such that 7} + 7% =p+p, [yp(dy) =z and [, yp'(dy) = 2’, we have

Wi () + Wi () < Wsp,y) + Wi (0, 7). (5.25)
Let 2 € A. To conclude, it suffices to show that 7% # ¢,. Note that if (p,p’) is admissible for (5.25), so is

(3(72+p), 5(% +p')). In the proof of Lemma 3.1 we show that g — W3(g,7) is strictly convex. Therefore,
if p# 7w} or p’ # x%,, then

1 1
WE(r mv)+W2(7T/,7)<W2< (n: + D), )+w2( . )
2 * 2 2 * 1 2(.1
< §W2 (m2,7) + §W2 (p,v) + §Wz (M) + 5Ws ®',7),

and the inequality (5.25) is strict. To show that 7} # 0, and thereby end the proof, we deduce that it suffices
to find 2’ € A and two measures p, p’ € P(R) such that

or + 1y =p+p, / yp(dy) = =, / yp'(dy) =2’ p# s, (5.26)
R R
and  W3(p,7) + W5 (p',7) < Ws(mh,y) + W5 (85,7). (5.27)
Suppose that
p({z" € (2] | 73 ((z,r) > 0}) + p({z’ € (z,r) | 75, ((l,2)) > 0}) = 0. (5.28)

Then for p(dz')-almost every x’ € (I, r), the sign of y — z is 7}, (dy)-almost everywhere constant equal to
the sign of 2’ — z, so using the martingale property of 7%, in the third equality, we get that

0= [ y=alvtan = [ ([1v-slnzian) nias'
- /M [ i) —a] uar) + /() [ i) —a

:/|x'—x|u(dx') = uy(z),
R

pu(dz’)

which contradicts the irreducibility of (u, ). We deduce that (5.28) does not hold, hence there exists 2’ € A
such that ' < z and 7%, ((x,7)) > 0, or ' > x and 7, (({,z)) > 0. Since 7%, has mean 2’, we can find in
both cases & < x < § such that 7%, ((Z,x)) > 0 and 7%, ((x,§)) > 0, which implies

0< Frs, (=) < Frx, (z) < L. (5.29)

«@ 1
Pa = / 6F7*1 () du, qg= / 6F7*1 (w) du.
0 Tl 1-8 Tt
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F. .« (z—)
Let ¢ = (fo o (x—F;{(u))du) A (f; i (m)(Fﬂ_*l(x)(u) —a:)du). Since for all u € (0,1), u >

Fre (z) <= Fﬂ_ll(u) >z and u < Frr (2—) = F;%(u) <z = u < Fp (2—), the maps a —

INCE F;% (u))du and 8 — fll_ﬁ(F;*} (u) — x) du are nondecreasing respectively on [0, Fr« (z—)] and [0,1 —

Fr« (z)]. Moreover, those two maps are continuous, so we deduce the existence of o' € (0, Fy+ (v—)] and

B" € (0,1 — Fr« (x)] such that they both equal ¢ respectively at o = o’ and 8 = /', hence

@

o 1
[ @i -aas [ @ -sdi= [ypudn + [ yasldn) - @ + 3 =0
0 1-pg @ R R

Note that (5.29) implies that o’ + " € (0,1]. Then the measures p = (1 — &/ — )6y + por + gz and
p = (& + ")y + 7k — por — qp satisfy (5.26). Let x € II(n},,7) be the Wh-optimal coupling and denote
by p =7}, — par — g and p = po + gsr. Then

(st x(02) + 526 [ xataptan ) € 1o
() )+ 0uta) |ty atan)) € 1),
hence
Wi < [ sl ptn) )+ [ o= 2 () (),
W < [ =Pt + [ e s al) o).

Combining these inequalities yields

WE(p.7) + WE ) < / ly— 2% (5 + 5)(dy) Xy (d2) + / & — 2 (5 + 5)(dt) xe(dz)
RxR RxR

- / ly — 2I? x(dy, d=) + / & — 2|2 7(dz)
RxR R
= W22(7T;/7PY) + W22(5m7’7)7

which proves (5.27) and completes the proof.
Let us now prove (b). Let s,t € [0,1] be such that s < t. Since p <. vs <, 1 <. v, we have

uy < uy, <y, < uy, hence u,, = u,, on I®. Let z € I. Then
uy, (z) = E[|M] — z[] = E[|[E[M] — 2|X, (Bu)uefo,s)] ]

< E[E[M] — 2||X, (Bu)uefo,s] = EIIM; — 2] = w, (2). (5.30)

Let us show that the inequality above is strict. This is equivalent to show that given X and (By)ueo,s],
the sign of M;" — z is not almost surely constant. Suppose that P(M} < z) > 0, the case P(M* > z) > 0
being treated symmetrically. Then it suffices to find a Borel subset A C R such that

P(M; >z X € A, M} < z) >0, (5.31)

since the martingale property would then imply that P(M;" < z, X € A, M* < z) is positive as well. The
pair (u, V) being irreducible, we have that

p(A = {z € (—o0,z] | m((2,+00)) > 0}) > 0.
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For fixed z,y € R, themap b — T} (b) = Fr.'(F, (v/T — ty+b)) is non-decreasing where limy o, T% , (b) =

Yy
lim, ~ F."'(u). Recall that y — T v y(b) and y = T are y-integrable, therefore we have due to monotone

convergence

lm (b)) = lim | T ,(0)y(dy) = lim F'(u),

b—4o00 b—+oo Jr

lim @.(z,b) = lim Ti,y(b)v(dy)zlig})FTT;,l(U),

b——o0 b——oo Jp

and, in particular,
Vee A, lim ¢i(z,b) >z and lim @4(x,d) < z.
b—+o00 b——o0

Again, recall that  — p¢(x,b) and z — @,(z,b) are p-integrable, therefore we find due to monotone
convergence

tim [ b)) = [ limpieb)udz) > (),

b—+oo J 4 A b—o+oo
lim | pu(z,b) u(de) = / lim g, (2,b) p(dz) < zu(A).
b——o0 A Ab—>—00

Hence, there are by,b; € R and A’ C A, u(A’) > 0, such that
oi(x,b) > z and ¢s(z,b) < 2,
for every z € A’, b > bg and I/ < b;. Then

P(M) >2,X €A M <z)>P(By>by,X € A, M} <z)
:P(Bt > bOvX € A/aBs < bl) >Oa

which proves (5.31). Hence the inequality in (5.30) is strict and wu,, < u,, on I. O

Corollary 5.14. Let p,v € PY(R) be such that p <. v and (u,v) is irreducible with component I. Lete > 0,
then there is an atomless 7 € PY(R) such that

Wi(,v)<e, p<.v<.v and (u,0) is irreducible with component I.

Proof. Tt is clear that whenever two measures (u,v) have finite second moment, the stretched Brownian
motion provides by Corollary 2.8 and Lemma 5.13 (a) a continuous interpolation (f¢)¢eo,1], Where po = p
and p1 = v, such that p; is atomless for ¢ € (0,1). We are going to extend such an interpolation to a case
where only first moments are finite. To work around this issue, assume for a moment that we can introduce
an intermediary measure v with u <. 7 <. v, where the decomposition into irreducible components (I,)nen
of (#,v) consists only of bounded intervals, and ©(J) =0 for J =R\ U, cy In- For all n. € N, let (¥|r,,vn)
be the irreducible pair associated with I,, in the decomposition of (,v). Since I, is bounded, v, € P?(R)
so we can consider the stretched Brownian motion (M{")c(o,1) from ﬁﬂ]n to ﬁyn. Since t — M} is
almost surely continuous on [0, 1] and I, is bounded, we find by dominated convergence that the law of M}
converges in Wi to ﬁun as t tends to 1. Therefore we find for each I,, a time ¢,, € (0,1) such that for

each n € N the distribution ﬁﬂn of M{! satisfies

€
2n+1 ’

Wl(ﬁn, I/n) <

In particular, 7, is atomless by Lemma 5.13 (a). We set

U= g Up.

neN
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Thus,

Moreover there holds
Uy Sy = Upp, S Up, =Up <D Uy, = Uy, (5.32)

which implies y <, 7 <. v. For all n € N, (v|1,,V,) is irreducible by Lemma 5.13 (b), so the second
inequality in (5.32) is strict on | J,,c 5 In- Since u, < u, = up on I\ U, ¢y In, we deduce that u, < uz on
I. On I%, we have U, = Uy, which implies u, = uz. Therefore {u, < uz} = I and (y,?) is irreducible with
component I. It remains to show that there is a measure © with the above mentioned properties.

If v ¢ P2(R), then I has to be unbounded. For simplicity, we assume that I = R, since if I = (—o0,b) or
I = (a,+00) with a,b € R the construction below also works in these cases with the obvious modifications.
To this end, we define iteratively u} = 2 = u}, and for n € N*, we choose u{”‘l € (0, 2% A ul) and

2
ust € ((1 — 54+) V ub, 1) such that
{z eR[Fy(2) € (i u)}l >1 and [z e R|Fy(z) € ((uf,uz™))} > 1, (5.33)

which is possible as v((—o0, R)) A v((R,+00)) > 0 for all R € R. We have that lim, ;o uf = 0 and
lim,, 100 uy = 1, and set

A n n+1 n+1 n
D= E (ul — uj )5Iuy " + (uy™ —uy)d gt . )
el bt prm—— fug v (uw) B

which entails us to define v := V. u. For all z € R we have by inverse transform sampling for the last
equality

1 2

u()Z( / ZL(FJ(u)x)du + / <Ful<u>x>du>
<y ( [V —aldut [ |F;1<u>—x|du)

neN*

1
1 ) = ol du = (o),

0
where the inequality is strict iff there exists n € N* such that F, ' — x is not constant on (u]™', u}) or
(uy,uy™). By monotonicity of F, ! the strict inequality is equivalent to = € (F, '(uf*!), ;1 (u})) or
(E; Y (ug), F;Yul™)) for some n € N*. We deduce that # <, v and therefore y <, ¥ <. v, and the
irreducible components of (,v) are given by the intervals

Iy = (F ™), B (u) and I = (B (ug), By N (wy ™), ne N, (5.34)

v

which are indeed nonempty by (5.33) and bounded. In particular for all n € N* we have

up (Fy (u))) = uy (F (u) and - up(F, ' (ug)) = uy (F (u})). (5.35)

v v

Since uy < uy Vuy = up < u, and (p,v) is irreducible, (5.34) is also the decomposition into irreducible
components of (9,v), which consists solely of bounded intervals.
To conclude, it remains to show that

v (]R\ U (1} UIZ)) =v({F,'(u}) | neN*FU{F, '(u}) | n e N*}) =0. (5.36)

neN*
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For each n € N* and bounded neighbourhood of F, ! (u}'), there is by irreducibility of (x, v) and continuity
of potential functions a > 0 such that u, + ¢ < u, on this neighbourhood. Thus, for y close enough to
F 1 (uf), we have u,(y) < us(y) due to (5.35), hence

up(y) = up(y) Vuu(y) = us(y), for y close enough to F, ' (uf). (5.37)

For each n € N*| it is clear from the definition of # that its restriction to the closure of I} is concentrated
on a single point in I} and therefore does not charges the boundaries of I''. We recall the easy fact that the
potential function of a probability measure is linear on an open intervall iff this measure does not charge
this interval. We deduce, with use of (5.37), that we can find an open neighbourhood of F,1(ul) such that
up and therefore u; is linear, which implies that 7 does not put mass on {F, !(u}) | n € N*}. Analogously,
we find that 7 does not charge {F, }(u}) | n € N*}, which proves (5.36). O
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