
References

Interest rate modelling in insurance: Jacobi stochastic
volatility in the Libor Market Model

Sophian MEHALLA1,2

with P.-E. Arrouy2, A. Boumezoued2 & B. Lapeyre1

1
École Nationale des Ponts et Chausées (CERMICS)

& 2Milliman Paris

Advances in Financial Mathematics

January 14th, 2020

Sophian Mehalla (CERMICS & Milliman) Ad. in Financial Mathematics January 14th , 2020 1{10



References

Introduction

Problem: efficiently calibrate a given stochastic volatility version of the LIBOR
Market Model (LMM)

Insurance context;
Replicate « 300 swaptions prices.

Common practices:
exploit the explicit knowledge of the characteristic function of the model to get an
analytical price (widely used, see for instance Wu and Zhang (2006));
successive suited approximations (Piterbarg (2003)).

Lately: Gram-Charlier expansion (Devineau et al. (2017)).
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Standard model

Goal: compute swaptions prices (call options on swap rate)
m, n, K ÞÑ Ppm, n, Kq “ E

”

pSm,n
Tm
´ Kq`

ı

using the following dynamics

$

&

%

dSm,n
t “

a

Vt

´

ρptq}λm,nptq}dWt `

b

1´ ρptq2λm,nptq ¨ dWS,˚
t

¯

,

dVt “ κ
`

θ´ ξ0ptqVt
˘

dt` ε
a

VtdWt.
(1)

Affine model: characteristic function of the swap rate Sm,n is explicitly (through
Riccati equations) known. Analytical formulas are based on quadratures.. quite
long!
Efficient computation using Gram-Charlier expansion (Devineau et al. (2017)):

Ppm, n, Kq “ PBachelierpm, n, Kq `µ2 expp´K2{2q
ˆ

µ3

6
K`

µ4 ´ 3
24

pK2 ´ 1q
˙

.

{ Convergence ?
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Gram-Charlier and stochastic volatility models (1/2)

X :“
?

V ˆ G

with G ∼Np0,σ2q and V ∼ χ2pdq, G and V being independent.
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Figure: Gram-Charlier expansion of the density of X up to order 10 - σ2 “ 0.25 & d“ 4

Sophian Mehalla (CERMICS & Milliman) Ad. in Financial Mathematics January 14th , 2020 4{10



References

Gram-Charlier and stochastic volatility models (2/2)

Xpmq :“
a

minpV, mq ˆ G
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Figure: Gram-Charlier expansion of the density of Xpmq up to order 30 - m“ 4

Sufficient condition: σ2m ă 2
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Jacobi volatility factor

Take 0 ď vmin ă vmax ď 8, Q : v ÞÑ 1
C pvmax ´ vqpv´ vminq, and consider (following the

work of Ackerer et al. (2018))
$

&

%

dSm,n
t “ ρptq

a

QpVtq}λ
m,nptq}dWt `

b

Vt ´ ρptq2QpVtqλ
m,nptq ¨ dWS,˚

t ,

dVt “ κ
`

θ´ ξ0ptqVt
˘

dt` ε
a

QpVtqdWt.
(2)

Pp@t ě 0 : vmin ă Vt ă vmaxq “ 1 under Feller condition.
Gram-Charlier is theoretically allowed if:

vmaxT max
t
}λm,nptq}2 ă 2σ2

r .

(2) converges in a strong sense towards (1) as pvmin, vmaxq Ñ p0,8q.
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Gram-Charlier approximating prices (1/2)

σ2
r ą

vmaxT
2

max
tďT

}λm,nptq}2

is sharp to ensure the convergence of Gram-Charlier series.
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Figure: Divergence of Gram-Charlier expansion.
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Gram-Charlier approximating prices (2/2)
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Figure: Exemple of convergence of approximating prices to empirical ones: using a given Gaussian density as refer-
ence (left) and an adapted Gaussian distribution (matching first two moments) as reference (right).
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End of presentation

Thank you!

(sophian.mehalla@enpc.fr)
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