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GRADIENT ENTROPY ESTIMATE AND CONVERGENCE OF A
SEMI-EXPLICIT SCHEME FOR DIAGONAL HYPERBOLIC
SYSTEMS*

L. MONASSET AND R. MONNEAUT

Abstract. In this paper, we consider diagonal hyperbolic systems with monotone continuous
initial data. We propose a natural semi-explicit and upwind first-order scheme. Under a certain
nonnegativity condition on the Jacobian matrix of the velocities of the system, there is a gradient
entropy estimate for the hyperbolic system. We show that our scheme enjoys a similar gradient
entropy estimate at the discrete level. This property allows us to prove the convergence of the
scheme.
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1. Introduction. In this paper, we are interested in diagonal hyperbolic systems
with monotone continuous initial data, and in their discretization. In this introduc-
tion, we first present our framework for such hyperbolic systems. We then propose
a natural semiexplicit scheme. We give our main results, including the convergence
of the scheme. Subsequently, we recall the related literature. Finally, we give the
organization of this paper.

1.1. The continuous problem. Let us consider the following diagonal hyper-
bolic system (in nonconservative form). Let u : R x [0,7] — R? be a solution of

ou® ou®
(1.1) % +Aa(u)a—1; =0 in D'((0, +00) x R)
with initial data
(1.2) u®(0,-) =uy for a=1,...,d.

In order to specify our conditions on the initial data, it will be useful to recall the
definition of the Zygmund space:

Llog L(R) = {w € L'(R), /R |w|In(e + |w|) < +OO} ;

which is a Banach space with the norm

|w|L10gL(R):inf{u>0, /Mln (e—i—m) <1}.
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Then we will assume that the initial data satisfy

(1.3)

{ u§ is bounded and nondecreasing, | o p

(ug)z € Llog L(R)

In particular such initial data are continuous.
From now on, we equip the vector space R? with the 1-norm |u| = Zi:l [u™].
We assume that

(1.4) A€ CHRYRY)  with A globally Lipschitz continuous

with a Lipschitz constant Lip(\). In addition, the symmetric part of the Jacobian
matrix of A\ is supposed to be nonnegative in the following sense:
o\ d d
(1.5) Z gagﬁw(u) >0 forevery &= (&,...,8&) €[0,+00)% ueR?
a,B=1,....d

where we notice that this inequality is required only for a subset of vectors & € R
with nonnegative coordinates. When d = 1, this condition for Burgers-type equations
ensures that solutions associated to nondecreasing and continuous initial data will
stay continuous for all positive times. Under assumption (1.5) for d > 1, we can
recover a similar property: it is possible to show that the solutions formally satisfy
the inequality

d

(1.6) %/RZugln(ug) <.

a=1

Indeed, we refer the reader to Theorem 1.1 and Remark 1.4 in [10] for a precise
statement. In some cases (in particular to ensure the uniqueness of the solution), we
will also assume that the system is strictly hyperbolic, i.e., A satisfies

(1.7) A¥(u) < A>T (u) for a=1,...,d—1.

We also define the total variation of u at time 7 on the open interval (a, b):

b
TV[u(r); (a,b)] = sup Z / —u (T, x)py (x)dx »
a=1,...,.d" %

where the supremum is taken over the set of functions ¢® € Cl(a,b) satisfying
lp*(z)| < 1 for x € (a,b) and a = 1,...,d. In the particular case where for each
a=1,...,d, the function u*(r,-) belongs to VVlloc1 (R) and is nondecreasing in space,
then we simply have

b
TVu(7);(a,b)] = / |u, (7, 2)|de = |u(r,b) —u(r,a)l,

where we set u(7, +00) = lim, 1o u(7, ) if a = —c0 or b = +00. In the special case
where (a,b) = R, we will simply write TV [u(7)].

DEFINITION 1.1 (continuous vanishing viscosity solutions). A function u €
[C([0,+00) x R)]? is a continuous vanishing viscosity solution of system (1.1)—(1.2)
if u solves (1.1)—(1.2) and if the following integral estimate holds.
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There exist constants C, v, n > 0 such that, for every 7 > 0 and a < £ < b, with
b—a <, one has the tame estimate

1 b—~h
(1.8) limsup — . / [u(r + h, ) — Ug(ryire) (b, x)|de < C(TV][u(r); (a, b)),
h—0+ a+~h

where Uy ry,r e is the solution of the linear hyperbolic Cauchy problem with frozen
constant coefficients:

ow® ow® , o o
5 (u(r,€)) % =0 withw*(0,z) = u*(7,x).

This definition is in El Hajj and Monneau [11] and is an adaptation of the def-
inition of Bianchini and Bressan [3] (see also in the book of Dafermos [8] the tame
oscillation estimate for solutions constructed with the front tracking method; this last
estimate is related to but less precise than the tame estimate (1.8)).

We then recall the following result (see Theorem 1.1 and Remark 1.4 in [10, 11]).

THEOREM 1.2 (existence, uniqueness). Assume that initial data satisfy (1.3),
and that X satisfies (1.4) and (1.5).

(i) (Existence) Then there exists a function u € (C(]0,400) x R))* with u, €
(L>((0,400); Llog L(R)))?, which is a continuous vanishing viscosity solution of
(1.1)~(1.2) in the sense of Definition 1.1.

(ii) (Uniqueness) If, moreover, the system is strictly hyperbolic, i.e., A safisties
(1.7), then there is uniqueness of the continuous vanishing viscosity solution u of
(1.1)~(1.2) in the sense of Definition 1.1.

1.2. The semiexplicit discretization. To recover these properties on the dis-

crete level, we consider a time-step At > 0 and a space-step Az > 0 and consider
(0%

u;”" as an approximation of u®(nAt,iAxz). We propose the following semiexplicit

discretization of the system:

an+l a,n an . on
G T et (7%“ - ) = 0if X*(u]*!) < 0;
(6% gee ey ) uq,nJrl o uqm . uq,n o uqni o
4 i 29X (u” 4 i _ £ Y (u” > 0.
N + A% (u]™) <7Aa: ) 0if A*(ul™") >0

It is a first-order upwind formulation, with the velocity A(u) being implicit in time.
We denote

Aoz,n+l _ )\a (un—i-l)7

4 @

and we define its positive and negative parts (A®" 1), and (A®" 1) _ as follows:

1
()\a ,n+1 + |)\a n+1|) (Aq,n+l)_

Py = 5 l (A = AP,

%

N)I»—l

Both (A*™*!), and (A®"")_ are positive real numbers. We can write the scheme
in a more compact form:

a,n+1

us — S Tl u"t — s
1' 7 7 _ q,n+1 B i+1 7 q,n+l 1 1—1 —0.
(o) B - o (M ) o (Bt —o
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In what follows, we set

ua n ua,n
1.1 an 7+1 7
( 0) 0”‘ 2 Az ’

which is a discrete equivalent of u.
For a fixed index ig and N € N, we denote

(1.11) In(io) ={io — N,...,ip+ N},

and we define TV[u™; In(ig)] to be the total variation of u™ on the set of indices
IN(io):

TVIu"; In(io)] Z Z lugy — ug”

a=1ieln(ig)

The total variation of u™ on Z is simply noted TV (u™).

1.3. Main results. We suppose that u®° is bounded in space by m® > —oco
and M < +o00, and we denote

d
H m® M and A% = sup |]A\*(u)].
a—1 ueld

For n € N, we say that u™ € Y% if u? € U for all i € Z. We now introduce two CFL
conditions:

At

(1.12) A—Llp()\)TV(uO) <1
and

At & 1
1.1 =) A< .
(1.13) Ax; <2

We first prove that the semiexplicit scheme has a unique bounded solution at each
time-step.

THEOREM 1.3 (resolution of the semiexplicit scheme on one time-step). Assume
that X satisfies (1.4). Let u® € U%, and assume that the two CFL conditions (1.12)
and (1.13) are satisfied.

(i) (Existence) Then for all n € N, there exists a unique solution u" € U” to the
semiexplicit scheme (1.9).

(ii) (Monotonicity) Moreover, if u® is nondecreasing, i.e., satisfies

l+1>u°‘ forall i€Z, a=1,...,d,

then for all n € N, u™ is also nondecreasing.

Remark 1.4. The resolution of the nonlinear problem boils down to the resolution
of a local fixed point problem at each point x; = iAz. Note also that condition (1.12)
is satisfied for u® € 4% nondecreasing if we have
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Denoting f(x) = zIn(x), we then prove the following gradient entropy decay.

THEOREM 1.5 (gradient entropy decay). Assume that A satisfies assumptions
(1.4) and (1.5). Let us consider initial data u® € U which are assumed to be nonde-
creasing, i.e.,

Z_H>u foral i€Z, aoa=1,...,d.

and let us consider the solution u™ of scheme (1.9), assuming the CFL conditions
(1.12) and (1.13). Then 07", (defined in (1.10)) is nonnegative for all n € N and
2

satisfies the following gradient entropy inequality for all ig € Z and N € N:

d

an A an
(1.14) Z Z f(o +1 Z Z f(o 1+2 ~ AL Z e — FolN)

a=1ieln(io) a=1lieln(io) =1

where In(ig) is defined in (1.11) and with the entropy flux

(1.15) Fom = () F(00) — (807,
In particular, formally for N = 400, the flux terms on the boundary disappear
on the right-hand side of (1.14), and we recover (1.6).
We remark that f can become negative. In order to ensure that every term of
the sum is nonnegative, we define f as follows:

(1.16) forall >0, f(6)= <f(0) + é) 1> 1(6).

f is continuous, convex, and nonnegative. A technical entropy estimate similar to
(1.14) is obtained on f in Proposition 3.2, and will be used to estimate the LlogL
norm of u, at a discrete level.

Then we have the following theorem.

THEOREM 1.6 (convergence of the solution of the scheme). Assume that initial
data ug satisfy (1.3), and that A satisfies (1.4) and (1.5).

Then there exists a bounded set U such that ug(z) € U for all x € R. Let us set
the wnitial condition for the scheme

u! = ug(iAz),

and let us consider the solution (u™)n>0 of the scheme (1.9) for time-step At > 0 and
space-step Ax > 0 such that the CFL conditions (1.12) and (1.13) are satisfied for all
n > 0. Let us call e = (At, Az) and u® the function defined by

u® (nAt,iAz) =ul for neN, ielZ.

Then as € goes to zero, we have the following.

(i) (Convergence for a subsequence) Up to extraction of a subsequence, there exists
a continuous vanishing viscosity solution u of (1.1)—(1.2) such that for any compact
K C [0,+0) x R, we have

[u® — ufpee (kA x(a2z)RY) — 0 as € —(0,0).
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(ii) (Convergence of the whole sequence) If we assume, moreover, that X satisfies
the strict hyperbolicity condition (1.7), then the whole sequence u® converges to the
unique continuous vanishing viscosity solution u of (1.1)—(1.2), as € goes to zero.

Remark 1.7. Tt would be interesting to adapt and extend the theory to the case
where A also depends on (¢, x). At least for the scheme, this is an easy adaptation to
write. It would also be interesting to extend the convergence of the solution of the
scheme under the assumption of strict hyperbolicity (1.7) without assuming (1.5) as
a discrete analogue of Theorem 1.2 in [11].

Remark 1.8. In fact, we show a slightly better estimate than (1.8) without the
“limsup,” with explicit constants.

1.4. Literature. For references on hyperbolic systems in nonconservative form,
we refer the reader to the references cited in [10, 11]. Numerical schemes for hyperbolic
systems are mainly written for systems in conservative form which enable recovering
the correct Rankine—Hugoniot shock relations. We refer the reader to [14] for a review
of the main classes of existing schemes. Among these schemes, convergence results
are seldom found for hyperbolic systems.

The Lax—Wendroff theorem [13] shows that if a consistent and conservative nu-
merical scheme converges (in L' with bounded total variation), its limit is a weak
solution to the hyperbolic system. However, in order to obtain convergence of the
scheme, stability is needed, in general in the form of TV-stability. For the scalar Go-
dunov scheme, convergence is obtained due to its total variation diminishing (TVD)
property. This is no longer the case for systems [14]. Stability can still be proved for
certain special systems of two equations, for instance, in [17, 18, 15]. Similar results
can be obtained for a class of nonlinear systems with straight-line fields [5, pp. 102
103]. Nonlinear stability can also be assessed through the use of invariant domains
and entropy inequalities [4], for HLL, HLLC, and kinetic solvers for Euler equations
of gas dynamics.

In the case of conservative systems where the initial data have sufficiently small
total variation, Glimm’s random choice method [12] is provably convergent. A de-
terministic variant (replacing random with equidistributed sampling) has also been
proved to converge under the same assumptions [16]. We are not aware of convergence
results of numerical schemes for nonconservative hyperbolic systems with large initial
data.

1.5. Outline of this paper. This paper is organized as follows. In section
2, we prove some preliminary results on the existence of a solution to the scheme
(Theorem 1.3), on the monotonicity and boundedness of the solution, and a discrete
analogue of the tame estimate given in Definition 1.1. We then prove the decrease of
the discrete entropy (Theorem 1.5) in section 3. In addition, we establish a similar
entropic estimate for the scheme. Finally, in section 4, we sum up all the results and
prove the convergence of the scheme (Theorem 1.6).

2. Preliminary results on the scheme. We begin by proving Lemmas 2.1,
2.3, and 2.4 at time nAt, before applying a recursion on n to conclude the proof of
Theorem 1.3.

2.1. Existence and uniqueness of the solution of the semiexplicit scheme.

LEMMA 2.1 (existence and uniqueness at each time-step). Assume that X satisfies
(1.4). For a given n € N, let u™ € U, and assume that the CFL condition (1.13) i s
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satisfied as well as CFL condition (1.12) at time nAt:

At
(2.1) A—xLip(A)TV(u") <1
Then there exists a unique solution u" ' € UZ to the semiexplicit scheme (1.9).
Proof. We define the truncature T'A® of \* by A*:

()i A (w)] < A
TA*(u) = A i A% (u) > A°,
—AY if A%(u) < —A“.

TA is also Lipschitz and Lip(TA) < Lip(A). For v € R%, let us define the function
Fu?7u?_1)u?+1 such that, for all « € {1, ceey d},

o a,n At o a,n a,n @ a,n a,n
wr gy, (V) = " 4 2 (OXW)) = (0 —ui®™) = (TA%(V))+ (0" = uih))

Then the scheme (1.9) can be written (if u® € U%) as

(22) u?+l = F“? ui g ug (u?+l)'

i+ 1

We observe that, for all u and v in R, for all a € {1,...,d},

[Fr o, (W) = Fin oy un (V)]
< _|T/\a(u) = TAW)| (s = ud™ [+ Jud™ = i)
At
< A_Llp( YTV (u™)|ju —v|.

Thus, Fur up | un », is contractive on R?, thanks to CFL condition (2.1), and the
Banach fixed pomt theorem yields the existence and uniqueness of a solution u of
(2.2) on R%.

In addition, due to CFL condition (1.13), Fig. ul, (u) is a convex combination
of the uf, uf_, and u},; contained in the convex Z/{ so that u = Fgu | yn (u) is
also in Y. As TA = X on U, we can conclude that the unique fixed point of (2.2) is
the solution u}'*! of the scheme (1.9). O

2.2. Expression of ™11, We derive an equation for the evolution of 010‘4_71 in
2
time.

LEMMA 2.2 (evolution of 0). Let u;"" be the solution of the semiexplicit scheme
(1.9). Then 0;:‘:1“ satisfies the following relation:
2

23) oy = (1= SO+ 00 ) o

i+ itz
At a,n+1 a,n At a,n+1 a, n
+ A_(/\z+1 )-077s + A_()\ )+
Proof. With the definition of 6% ! "I, we observe
a,n+1 Ot n a,n a,n
P n+1 —pon + = At u Uitq — Ui - ﬁuz 1 U,
itg i+3  Ax At Ax At

Inserting (1.9) at points z; and z;11, we get (2.3). O
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2.3. The discrete solution u™ is nondecreasing if u° is nondecreasing.

LEMMA 2.3 (monotonicity). For a given n € N, let u™ € U% be nondecreasing.
Assume that X satisfies (1.4) and assume the CFL condition (1.13). Then the discrete
solution ™t of (2.2) is nondecreasing.

Proof. In (2.3), the coefficients %(z\fﬁ“)_ and %(Af"”“ﬁr are positive by
definition, Theorem 1.3, part (i) yields that u™** is in ¢, and using the CFL condition
(1.13), we obtain that

(1- T+ 087 0) 20

As ui"" is nondecreasing, for all i € Nand 1 < a < d, 9;1”1 > 0, and therefore, H?J’r’iﬂ
2 2
a,n+1

is nonnegative, too. This is equivalent to u; nondecreasing. O

2.4. The map n — u™ has a nonincreasing total variation.

LEMMA 2.4 (total variation decay). Let u™ € U%. Assume that X satisfies (1.4),
and assume the CFL condition (1.13). Let ig € Z be a fized index and N € N\{0}.
Then

TV In 1 (ig)] < TV[u™; In(io)]
and
(2.4) TV ("™ <TV(u") if TV (u") < +o0.

Proof. CFL condition (1.13) allows us to write u"" " as a convex sum of u",
u;™", and ug'], so that
i i+10

At
R Y (B (S RRNC s B T

At antl . At +1 .
+ E()\iaﬁ )= lugyy = ugy 1+ AF" ) g™ — w2

Az

Summing these terms for i € In_1(ig) gives a sum for i € In_1(io) of |ug}} — u™"|,
and the remaining terms are for ¢ € In (ig)\In—_1(io) with coeflicients inferior to 1 due
to CFL condition (1.13). O

Proof of Theorem 1.3. We simply apply a recursion on n > 0, using Lemmas 2.1,
2.3, and 2.4, and check that the CFL condition (1.12) implies that the CFL condition
(2.1) is verified for all n € N. |

2.5. A tame estimate for the scheme. In this subsection, we prove a discrete
analogue to the continuous vanishing viscosity solution given in Definition 1.1 for the
discrete solution u}'.

PROPOSITION 2.5 (discrete tame estimate). Letu™ € UZ. Assume that X satisfies
(1.4) and assume the two CFL conditions (1.12) and (1.13). Then the following holds.
Let (ig,n0) Z x N be fized. Let (V"*)p>n, be the solution of the explicit discretization
of the linear hyperbolic Cauchy problem with frozen constant coefficients for n > ny:

p&mH _pon v — vy T
At

25) e (B ) o () <o
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with v =u". Then, for all k € N\{0} such that k < N,

(26) - A - Z >0 ugmetE — gt Az < 2Lip(A) (TV [u™; Iy (i0)])? -

a=1licly_(i0)

Proof. Let

d
z : § : a noJrk va noJrk
a=licln(

Using the schemes (1.9) and (2.5), we obtain

TN < Z )

a=lieln_j_1(io)

+Z > i—i(xa(ug)),u

a=licln_j_1(io)

d
£y o

a=1lic€ln_p_1(%0)

At
1— (1110 anotk _ anotk
( Az |)\ (ulo )|> (ul U; )

i+1 —Vit1

a,no+k 0¢7n0+k‘

a,no+k a,no+k
i1 Vil

d
At % N [e} n a,no a,no
T D | () = () ) et
a=lieln_j_1(i0)
d

LOIIDY

a=licln_j_1(io)

AL @) | (i) ) ek g mothy|

7 —

CFL condition (1.13) gives us that 1 — 2L |A*(u 1) is positive. In the right-hand side
of the inequality, the first three terms can then be controlled by

DS

a=lieln_g(io)

a,no+k a,no+k| _ 4k
u; —v; =Tn_p-

We note that, for all u,v € R% [(A%(u))_ — (A\*(v))_| < |A¥(u) — A¥(v)| and
[(A%(0))+ — (A*(v))+] < |A%(u) — A*(v)]|, and we recall that
AR A ()] < Lip(A) e e

20

Using the same convexity argument as in Lemma 2.3, it is easy to see that if, for some
K € N\{0}, we have

mf{(IK(ZQ)) <u*" < MS(IK(Z())) forall i€ IK(io),
then we have
mg(IK(Zo)) < ua,nJrl < MS(IK(/LQ)) forall 7€ IKfl(io).

A straightforward recursion yields that u®moth+l s hounded on In_k—1(io) by the
bounds of u®™ on Iy (ig), namely mg (In(io)) and Mg (In(io)). As a result, for all
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i€ In—p-1(l0),

A% (TR — X (ui?)] < Lip(A)[ Mo, (In (i0)) = mpg (In (i0))]
< Lip(AN)TV[u™; I (io)]-

In the end, using Lemma 2.4, we deduce that
TR < TR 4 2AtLip(A) (TV [u™; I (ig)])” .

The result is then obtained through a straightforward recursion on k using the fact
that Z%, = 0 by definition. O

3. The gradient entropy. In this section, we define f : Rt — R as the convex
function f(x) = zIn(x).

3.1. Preparatory lemma.
LEMMA 3.1 (convexity inequality for f). Let ar and 0) be two finite sequences
of nonnegative real numbers such that 0 <), ap < +00. Define

0= Za;ﬁk.
k

Then the following inequality holds:

0) < arf(fr) +0In <Z ak> .
k k

Proof. As )", ar >0,

Zka‘k _ZZI a

is a convex sum of the 6, > 0. Using the convexity of f on R,

1 Qg
(sa?) =E o

Using the expression of f(z) = zln(z),

F (ﬁe) _ ﬁ <f(9) I (Zak» ,

which proves the result. a
3.2. Proof of Theorem 1.5.
Proof. For i, a, and n fixed, Lemma 2.2 gives us the expression (2.3) for HO"ZH.
2

Let us remark that the coefficients a; = LA and ap = £L(AM")4 are

nonnegative by definition, and that CFL condition (1.13) yields

At o, o,
= (1 SO+ O07)) 20
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Defining ,uo‘ "t — 1 — (a1 4+ az + as), let us note that the CFL condition (1.12) joined
to (2.4) also glves

o, At o, a,n
(3.1) 1—/%;;1 =a; +ay+az = (1— ~ D VAR Vi “)) > 0.

Using Lemma 3.1 on the convex sum, we obtain

f(9a n+1) < <1 _ ﬁ(()‘?.;.Tl)Jr + ()\?,nJrl))) f(eff;)

ity Ax
At a,n At a,n oL,
o AT FO5) + = (AT F(057)
Az +3 Az 3

_'_aoz ,n+1 ].Il( MaJrnlJrl).

Arranging terms, the expression exhibits a discrete divergence form:

A
(3:2) FO75) < F65) + A—i (8- £ = 8™ (o))

At a,mn o, a,mn ,mn
- S (L r ) = O
9‘.1;714’1 ln( Ma+’ﬂ1+l).

Summing (3.2) over i € Iy (ip) and over «, the second and third terms cancel and we
obtain

(3.3)
d d
SIS Db SRS Sl Sl el I
a=1icly(io) a=1icly(io) a=1lieln(ig)
d
At o, a,mn
_EZ(E‘O#NH FilN)
a=1

with F/"" defined in (1.15). We observe that In(1 — ) < —pu for all 4 < 1, we note
that ua "+ <1 due to (3.1), and we recall that 91.03:1“ is nonnegative, so that
2

S WNTCED oD MNTTEIED ol il

a=1ieln (io) a=1ieln (ig) a=1lieln (io)
- Y (E T — FAT).
Now, by definition,
iy = ﬁt (R ) = A1)

5/\a +1 +1
Z / o (e (=) =
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Thus, summing over o and using the definition of 8 +1 ,

1
(3.4) Z uj;’:“ gontt At/o (VA(u;”l + TAQ:OZ:E) : 0;1:%1) -0?:%1617' >0,

where we have used assumption (1.5). In the end, we obtain the gradient entropy
decay:

d

Z PRI Z PRGN Z Wiy~ Foly). O

a=1ieln(ig) a=1ieln(ip) a=1

3.3. Gradient entropy estimate. As f is negative for § € (0, 1), we use the
following similar result on f as defined in (1.16) in order to have a discrete estimate
on u, in the Llog L norm.

PROPOSITION 3.2 (gradient entropy estimate for the scheme). Under the as-
sumptions of Theorem 1.5, we have

d
SN A °‘"+1Aa:<ZZf ")Az + CAt

a=11i€Z a=1i€Z
if the right-hand side is finite, with C = CodLip(A)TV (u), where Cy =
In order to prove this result, we first need two technical lemmas on f , analogous
to Lemma 3.1.
LEMMA 3.3 (technical estimate). Let v, > 1. There exist a nonnegative function
g(0,7) and a constant C,, > 0 (depending only on ~.,) such that, for all > 0 and
7 € (07 ,-ym),

1
eln2-”

(3.5) 7 (%) > 27(6) - 29(6.7) )

and
10— g(6,7)] < C,,, = 2 ——

Proof. We detail the four cases.
Case A. £ > 1 and g > 1
We have for v # 1 that

it (1024 5)) =ty

We then set for any v > 0 that

1~v—1
3.6 g@,’y:<6‘—— ) .
(36) 0= he ).
This implies (3.5) for v > 1. As v € (0,7y,), and i ln('y) is nonnegative increas-
ing, we get
1y, —1
10 —g(0,7)] < -

eIn(ym)
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Now for v < 1, we have

1y—1 1
= — — > = —_ > .
g(0,7) emw>fman ¢ - 20

This shows that (3.5) still holds for 0 < v < 1.
Case B.%z%and0<%.
Then we have 0 < v < 1 and

-0 1- 1 1
i (;) - 2F) = ome) - Zom(r) +
1v—-1

1 1
> ——fln(y) + -~— = —=g(6,7)In
5 () + 2 5 Wm 7) In(y)

for g(0,~) defined in (3.6).
Case C.%<%and6‘2%.

f<%> - L1702 ~2om().

We take g(6, 0 in this case.

):
Case D. Q<—and0<%

We take g(0,v) = 0 in this case, and we check that

e

— =0< .
0901 =0< 7 <

LEMMA 3.4 (convexity inequality for f) Let ay, and 0y, be two finite sequences
of nonnegative real numbers such that 0 <>, ap < 2. Define

0= Za;ﬁk.
k

Then the following inequality holds:

) < Zakf(ﬂk) +g <9,Zak> In <Z ak> ,
k k k

where g(0,7y) is given by Lemma 3.3 for v, = 2.

Proof. The proof is an adaptation of the proof of Lemma 3.1 with v = Y, az,
using Lemma 3.3 in the convexity inequality for f . a

Proof of Proposition 3.2. The proof can be directly adapted from the proof of
Theorem 1.5. We observe that due to CFL condition (1.12), 1 — uo‘+"1+1 (0,2). We

define the entropy flux associated with f:

F = (N FO) — 8- f(6])-
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Since, for all n € N, u” is bounded nondecreasing by Theorem 1.3, limy_+ o 0;‘\‘[’?1 =
2

0. Since f is continuous, f(O) = 0 and X is bounded on U, limx_ 40 Fﬁ‘,n =0, and

the flux terms on the boundaries vanish. Using Lemma 3.3, we obtain the analogue
of (3.3):

d d
ZZ]Z(GZJZ:’;ﬂ) < ZZf ean + ZZ aa ;n+1 11— an+1)1n( an+1)'

a=1i€Z a=1i€Z a=1i€Z

As ¢ is nonnegative, and In(1 — ) < —p for all p < 1,

d d
SIS 95 DHCATES 95 S R B e)

a=1i€Z a=1i€Z a=1i€Z

Using Lemma 3.3, we have |0 — g(6,~)| < Cs for all # > 0 and v € (0, 2) with ~,, = 2.
Using (3.4),

d
> 2 FOrT < Sy s +CQZZ| W

a=1i€Z a=1i€Z a=1i€Z

«@ n+1 At a,n+1 a,n+1
As p T = RO = A ), we get

d At
S < A LTV (),

a=11i€Z

Using Lemma 2.4, we deduce

d d
SN0 € X0+ Car TVt 0
a=1i€Z

a=1i€Z
4. Convergence.

4.1. Preliminaries. We recall the following result (see Lemma 3.2 in [10]).

LEMMA 4.1 (LlogL estimate). If w € LY(R) is a nonnegative function, then
Jx f(w) < 400 if and only if w € LlogL(R). Moreover, we have the following
estimates:

(4.1) / Fw) < 1+ [l 108 £y + [0o1g) 1 (14 [10] 2 10g 22
R
and
(4.2) 0l 1og £y < 1+ 0] gy In(L 4+ €2) + / F(w)
R

Remark 4.2 (idea of the proof of Lemma 4.1). Recall that the proof follows from
the following inequalities (for pu € (0,1] and w > 0):

f(w)gwln(e+uw)+w|lnu| with 1/p=1+||w||zi0gL
and

win(e +w) <1+ wn(l 4 €?) 4+ f(w).
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We can easily check the following result.
LEMMA 4.3 (trivial estimate). For any v > 1 and 6 > 0, we have

(4.3) F(v0) <7 f(0) +0f (7).

We recall the following result (see Lemma 4.3 in [10]).
LEMMA 4.4 (modulus of continuity). Let T > 0. Assume that v € L*((0,+00) x
R) such that

V2| oo ((0,7);L 10g L(R)) + Vel Lo ((0,7):L10g L(R)) < C1-

Then for all 6,h >0, and all (t,z) € (0,7 — h) x R, we have

1 1
t+h 0) —v(t < .
[v(t + h,x+8) —o(t,z)| < 6C, <1n(1—|—%)+ln(1—|—%))

We will state a convergence result in the linear case which will be used later
to establish the tame estimate (1.8) (see Step 4 of the proof of Theorem 1.6). We
consider a scalar function v solution of a linear transport equation

(4.4) ve+ A, =0 on (0,+00) xR,

where 0 is a real constant with initial data

(4.5) v(0,-) = vp.
We then consider a solution v™ of an upwind scheme
(4.6)
U0 e (MY e, (M) Lo gor ez, n>o0
At - Ax + Ax N o res =t

where A\ is a real constant with initial data
(4.7) v) =g,

PROPOSITION 4.5 (convergence for the linear scheme). We consider a solution
v of (4.4)—(4.5) with vo € BUC(R) (the space of bounded and uniformly continuous
functions). We set ¢ = (At, Az) and consider the solution v™ to the scheme (4.6)—
(4.7) for the CFL condition

Az
_ > 5.
At*p\l

We set t,, = nAt, x; = iAx and assume that

AN —=X| =0 and sup|vi —wvo(x;)] =0 as e—0.
i€l

Then for any compact set K C [0,400) x R, we have, with v¢(t,,x;) = vP,

V% — 0| pes (kA ((AtN) x (A2z)) — 0 as € — 0.

Proof of Proposition 4.5. For a viscosity solution v, this is an easy adaptation of
the general convergence result of Barles and Souganidis [2]. It is also easy to check
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that the limit of the scheme (or directly that v) is also a solution in the sense of
distributions. O

PROPOSITION 4.6 (weak-* compactness). We consider a sequence of functions
0° satisfying for some T > 0

10°(t, )| L1 (m) —|—/Rf(95(t, ) < Mrp  forae te(0,T)

with M a constant independent of €. Then there exist a function 6 and a constant
Cr = C(Mr) such that

(4.8) 10(t, )| 1 (m) —l—/Rf(H(t, ) <Cr  forae te(0,T)

such that for any function ¢ € C.((0,400) x R) (space of continuous functions with
compact support), we have

(4.9) / 0 o — 0o as e—0.
(0,400) xR (0,400) xR

First proof of Proposition 4.6. We follow here the lines of the proofs given in [9].
We consider ¢ with support in (0,7) x I with I a bounded interval. We recall that
Llog L(I) is defined as Llog L(R) with R replaced by the interval I. It is known that
Llog L(I) is the dual of Eyp(I) C L*°(I) (see Theorems 8.16, 8.18, 8.20 in Adams
[1]). Therefore, L>((0,T); Llog L(I)) is the dual of L'((0,T); Eesp(I)) (see Theo-
rem 1.4.19, page 17 in Cazenave and Haraux [7]). Moreover, L'((0,T); Eesp(I)) C
LY((0,T); L>=(I)). From (4.2), we deduce that

10°] Lo (0, L 10g L(1)) < CT.1-

By general weak-* compactness (see Brezis [6]), we deduce that for a subsequence,
there exists a limit 6 (which a priori depends on the compact [0,7] x I, but can be
chosen independent a posteriori by a classical diagonal extraction argument) such that
(4.9) holds. Finally, (4.8) follows from Lemma 4.1. |

Second proof of Proposition 4.6. We recall that from (4.2), we have

0% Lo ((0, )L 10g L(1)) < CT.1-

We set A := (0,7) x I. We check that f: Rt — R* is continuous, lim;_, ;oo @ =
+00, and [ A f (0%) < MypT. The De la Vallée Poussin equi-integrability criterion [6]
yields that (6%). is equi-integrable. We can then apply the Dunford—Pettis theorem

(see Brezis [6]), which shows that (6). is weakly compact in L'(A), i.e., for any

(p S L (14)7 we ha,Ve
/ /
A A

for some function 6 € L'(A). In particular this proves Proposition 4.6. O

Remark 4.7. Another way to obtain the equi-integrability of (6°). is through the
use of an analogue of Lemma 4.1 on A (see Remark 4.2 for its justification), following
the lines of the proofs given in [10]. We then have

05| L10g L(a) < Oy
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for some new constant C7, ; > 0. It is known (see page 234 in Adams [1]) that there
is a Holder inequality for the Orlicz space Llog L(A) (with a constant C' independent
on A):

[luv||z1cay < Cllullpiog Leayl [Vl Ex Pa)

with

lvllEx p(ay = inf{/\ >0, /(e‘;;‘ -1)< 1},
A

Applying this to u = 0° and v = 1, we get that for any measurable set B C A

O//

€ < ith C" = i~
[10°]| 1 (B) < (i + 1/B]) with C CCr

This shows that the sequence 6° is uniformly integrable on A.

4.2. Proof of Theorem 1.6.
Proof. We define S™ to be the discrete entropy estimate:

d
& rran,o
5= A
a=1i€Z
Step 1: Estimate on S°. Using the convexity of f , we have with x; = iAx

o) =7 (55 [ wiea) < o [ @

T i

This implies that

IN

30 / F()a(w))dy < Co,

a=1,...,d R

where we have used (4.1) to estimate

Co= > {1+[Wd)elrrog L + 1(ud)elrr @ (14 [(u§)e]L10g L(R)) } -
a=1,...,d

Step 2: Estimates on the Q' extension u®. We set z; = iAz and t,, = nAt. Now
for e = (At, Ar), we define the Q! extension of the function defined on the grid, for
any (t,z) € [tn, tnt1] X [Ti, Tit1], by

c [ttty T —T; ntl T ntl
(4.10) u(t,a:)—< A7 ){( AL )qu—l—(l v )ui }
+ 1_t_tn T — T n + 1_$—{Ei n
At Az ) Az )M

Step 2.1: Estimate on uS. We have for (¢t,2) € [tn, tnt1] X (zi, Tig1)

t—1 t—1t
5 _ n n+1 _ n n
m i - () ot s (1o,
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and then using the convexity of f,

F/oex t_tn r n+1l,a t_tn
TARPS ) _
N N
and then for t € [t,,, t,11], we get
(412) Z /f(ua,a) < ﬂ gn+l +(1- t—1p gn < g0 +Ct
a=1,....d R ’ B At At B 7

where we have used Proposition 3.2 for the last inequality.
Step 2.2: Estimate on ui. Let us define

PO,

n

! At

n+1
u,; —

We have for (¢,z) € (tn,tnt1) X [T, Tit1]

x x

T — X nt1 T — T
S(Aw)‘r”f}+(1_ Ax)T
Then integrating on [x;, x;y1),

Tit1 Az n4+i n+i
(4.14) / lui| < > (|7'i+12| + |7 2|) :

1
nta
i

We recall that from the scheme we have with A7t = A(u} ™),

n+3,a n «@ n,o n «@ T,
(4.15) L O M QA B

i itd
and also recall the bound (Theorem 1.3 shows that u}' ™' € U)
IAPFLY < M with M = max (A%, 1).
We use the monotonicity of u™¢ and its bound by m® and M“ to assess that

(4.16) 0< szaz’.‘f% < M —me.
i€z
Summing (4.14) on all ¢ € Z and using (4.15) and (4.16), we obtain

(4.17) Z |U§7a|Loo((O)T))L1(]R)) <2M Z M —m®|.
a=1,...,d a=1,...,d

Step 3: Extraction of a convergent subsequence of u®. We recall the bound (ul’ €
U)

d
(4.18) | < My/(2d) with Mo =2d Y max(jm®|,|M®]),

a=1
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which implies (using the monotonicity in x of u*)

(4.19) > ug oL@y < Mo
a=1,...,d
and
(4.20) / > Fup®) < 4M (80 + Ct) + 4f (M) M.
Ra:l,...,d

From (4.19), (4.17), (4.12), (4.20), and the bound on S° given in Step 1, we see that
for any 7' > 0, we get the existence of a constant Cr such that

> {lug | (o,r)z 105 L®)) + 145 Lo (0.1 L10g L®)) | < O,
a=1,...,d

where we have used (4.2) to estimate the Llog L norm with, moreover, (4.19). We
also notice that

3 ] < My/2.

a=1,...,d

We can then apply Lemma 4.4 to get that for any (¢,2) € (0,7 — h) x R, we have

1 1
[us (¢ + hy @+ 6) —u™*(t,2)| < 6Cr ( + ) .
a:;.,d In(1+ %) In(1+4%)

Therefore, by the Ascoli-Arzela theorem, we can extract a subsequence (still denoted
by u®) which converges to a limit function u on every compact set K of [0,400) x R.
In particular, we see that the limit function u satisfies the initial condition

u(0,-) = uyp.

Moreover, the limit u still satisfies

1 1
|uo‘(t+h,a:+5)—uo‘(t,a:)|§60T( + )
a:;.d In(1+4) In(l+3)

Step 4: Tame estimate for u. We want to prove (1.8). To this end, we consider a
big compact K such that the set

T={z>a+~v(t-71)}n{e<b—rt-7)}n{t>7}

is in the interior of K. For any ¢ = (At, Ax), we consider ig € Z and N € N such
that

[Cfig—(N—z)afﬂioJr(N—z)] C [a,b] C [®ig—N, Tig+N]-
We consider ng € N and k € N\ {0} such that for 7, = 7 + h we have

TE [tnovtnoJrl) and 7, € [tno+/€7tno+/€+l]'
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We recall from (2.6) that we have

Do D [T =R Ar < 2Lip(N) (TVIW™; In(io)])”
a:L...,diGIN,k(ig)
We recall that from Step 3 we have for (t,2) € [tng+k, tng+k+1] X [Tis Tit1]

1 1
no+k,a o

E . — t, < 6C +

i ut(t,z)] < T(ln(l—l——1 ) ln(1—|——A1w)>

i=1,....d At

i [ U™ — | Lo (KA((AIN) x (A2Z)))-
i=1,....d

Using Proposition 4.5, this implies, in particular, that as ¢ — (0,0),

Z Z |u?°+k’a _ U?o+k,a|A$

a=1,....dicIn_ (i)

b—~h
/ |u®(T + h,x) — v*(T + h, z)|dx
a+~h

> =

a=1,...,d
with (at least for a subsequence)
kAt — h, kAx — vh,

where v can be chosen bounded in order to satisfy the CFL conditions (notice that
is also bounded from below, also because of the CFL conditions). On the other hand,
we have

TV[u"; Iy (ig)] = Z |UZ)OJ}N+1 Z)O’N|
a=1,...,d

and for the same reasons as previously, we get, in particular, that

TV[u™; Iy (ig)] — Z [u®(7,b) — u*(1,a)| = TV]u(r,-); (a,b)].

a=1,...,d

Finally, we get

b— 'yh
Z / (7 4+ h,z) — v*(T + h, z)|dz < 2Lip(A\)(TV[u(r,-); (a,b)])?,
a+~h

which implies (1.8).

Step 5: Passing to the limit in the PDE.

Step 5.1: Preliminaries.

From (4.10) and (4.15), we have for (t,z) € (tn,tnt1) X (4, xip1) with X =
A(u(t,z)) and ag (555), by = (1 — 52,

) +1, ) +1,
up =ag { =0+ U0 )

o {0 + )0 )

L+ o
== X5 a5 + 0.0 }
i

2

(4.21) + A% {awﬁ’?f; 4+ bg0™% L+ e (t, @)
i+s i+t3
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with
o . n+1l,a oY mn,0 n+1l,a @ n,o
e (@) = ap {= [N =X oy + [0 = ac] o, )

0o { = [Ty = az] o+ [T = ac ] os T

In particular, for any test function ¢ with compact support in K := [0,7] x Bg(0),
we have

D

i=1,...,«

[ e
[0,400) xR

< 4lp|TMy sup sup At = Afu(r,y)| |,
(ry)eK \|tnt1—7|<AL, |z, —y|[<Az

where we have used (4.18). From the uniform convergence of ¢ on compact sets, we
deduce, in particular, that

e =0 in D'((0,+00) x R).
Step 5.2: Introduction of 8°. We define the function 8¢ as
05(t,$) = Z_% for (t,l‘) S [tn,tn+1) X [$i,$i+1).

Using (4.12) and (4.19) and applying Proposition 4.6, we know that there exists a
limit @ such that for any test function ¢ (smooth with compact support in (0,7") x I),
we have

/ 0°-p— 0 p.
(0,400) xR (0,+00) xR

. x T
From (4.21), we also have, with a, = N LA_Q:J’ by =1—ag,

U = e =AY {057 + b0 (-, — Az)} 4 A {0050 (, - + Ax) + b,0F .

Then

Aa7a :/ (u?a o 667(1) %)
(0,400) xR

can be computed as follows:

As,a

= / 05 {—a: (A3 ) = bs(AL9) (- + A2) + as(A2p) (-, - — Az) + b, (A2 ) } .
(0,400) xR

Let us define

B&©

/ 0= {~as (AT 9) = b (AT @) + az (A2 ) + bo (A2 ) }
(0,400) xR

/ —Xgp 65,
(0,+00) xR
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As [|0°]| o< ((0,1),21 (r)) < +00, uis continuous from Theorem 1.2, and A\ ¢ = (A\fou)g
is uniform continuous as a continuous function with compact support, we then have

A5 = B>%| < <Sup |(AL@) (- + Az) — (/\iw)lmo((m)xna)) / |6=% — 0.
+ (0,T)xR
On the other hand, we have
B — —A%p 6.
(0,400) xR
This finally shows that
(4.22) foralla € {1,...,d}, uf+X*0*=0 in D'((0,+00) x R).

Step 5.3: Consequence. Starting from (4.11), we deduce similarly (as in Step 5.2)
that

ul® — 0% in D'((0,+00) X R).
Therefore,
0 =u,,
and from (4.22), we deduce that
foralla € {1,...,d}, uf+AX*u$=0 in D'((0,400) x R),

with u, € L3 ([0, +00); Llog L(R)).

Step 6: Convergence of the whole sequence when the limit is unique. When we
have, moreover, condition (1.7) for strictly hyperbolic systems, we know that the
solution u is unique (among continuous vanishing viscosity solutions). Therefore, the
whole sequence u® converges locally uniformly to its unique limit u. This ends the

proof of the theorem. O
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