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Foreword

The central focus of this course is the Monte Carlo method. We first present its basic principle in
the context of independent and identically distributed samples, which requires reviewing methods
for simulating random variables, as well as limit theorems that allow us to quantify the accuracy
of this approach. In particular, several variance reduction techniques are introduced.

The goal of the second part of the course is to introduce the Markov Chain Monte Carlo
method. We present the notion of discrete-time Markov chains, followed by the main results con-
cerning long-time behaviour. We then describe several stochastic sampling algorithms (Metropolis—
Hastings and Gibbs).

The third part of the course is devoted to the connections between diffusion processes and
partial differential equations. After a brief review of stochastic calculus, we present in detail
the Feynman—Kac formula and discretisation methods for stochastic differential equations, which
make it possible to implement the Monte Carlo method to solve parabolic or elliptic partial dif-
ferential equations. The link with the Markov Chain Monte Carlo method is finally established
through the study of the long-time behavior of diffusion processes.

The reader is assumed to be familiar with basic measure theory, including Lebesgue integra-
tion, and basic probability theory: random variables and limit theorems. We refer to [2] or [3] for
comprehensive textbooks in this direction.

* K K

These lecture notes contain two parts: Part I contains the contents covered during the lectures,
complemented with exercises and further developments, while Part II contains problems which
are adapted from past exams.

In Part I, each Lecture should roughly correspond to one session of the course. Some of the
exercises will be discussed during the lectures, but definitely not all, so you should have enough
material to practice between the sessions. Some exercises contain a numerical part to implement
by yourself. There is no written correction for these exercises.

This document will be regularly updated during the trimester, on the course’s webpage'. Some
parts will not be seen in class, they will be marked with a star *, and they will not be examinable.

For any questions or comment, please send me an email at julien.reygner @enpc.fr.

"https://cermics.enpc.fr/~reygnerj/anedp.html


mailto:julien.reygner@enpc.fr
https://cermics.enpc.fr/~reygnerj/anedp.html

Contents




Part 1

Lectures and exercises






Lecture 1

Random variable simulation

The goal of this Lecture is to present algorithms for random variable simulation: given a probabil-
ity distribution P on some measurable space (F, ), how to generate independent and identically
distributed variables X1, ..., X,, with law P? This will be used already in Lecture 2 to compute
integrals with the Monte Carlo method.

Throughout this Lecture, we work on some probability space (£2,.4,P) and, for any p €
[1,400), we denote by LP(IP) the space of real-valued random variables X such that E[| X |P] <
+00.

1.1 Random variable simulation

1.1.1 Uniform distribution and basic applications
Uniform random variables on [0, 1]

It is an obvious fact that a deterministic algorithm cannot generate a truly random sequence, as
was written by von Neumann: ‘Anyone who attempts to generate random numbers by determin-
istic means is, of course, living in a state of sin.’!. Hence, pseudo-random number generators
are deterministic algorithms which, starting from a seed xg, return a sequence 1, -2, ... of num-
bers which exhibits the same statistical properties as a sequence of independent and identically
distributed random numbers.

Because of the finiteness of the memory of a computer, a pseudo-random number generator
is necessarily ultimately periodic, that is to say that there exists ¢ > 0, which may depend on x,
such that for n large enough, =, 1+ = x,. In the sequel we call maximal period the largest value
of t over all possible values of x(. Since ‘truly random’ sequences should not be periodic, it is an
intuitive statement that a ‘good’ pseudo-random number generator should have a large maximal
period.

We first present a class of pseudo-random generators which are relatively easy to describe.
Linear congruential generators were introduced in 1948 and depend on the following integer
parameters:

e amodulus m > 0;
e amultiplier 0 < a < m;

e an increment 0 < ¢ < m.

'Quoted in D. Knuth, The Art of Computer Programming, Volume 2: Seminumerical Algorithms, 3rd edition,
Addison-Wesley, 1998.
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The seed is an integer zg € {0,...,m — 1}. The sequence (x,),>1 is then computed according
to the recurrence relation

Tpt1l = @y + ¢ mod m,
which produces integer numbers in {0,...,m — 1}. Typically, taking m = 232 allows to get
integers encoded on 32 bits.

In general, the maximal period of linear congruential generators (which is at most m) can be
computed. Yet, their quality remains very sensitive to the choice of a and m. More complex
pseudo-random generators have thus been elaborated. The most widely used generator in current
scientific computing languages is called Mersenne Twister. It was developed in 19977, it is based
on the arithmetic properties of Mersenne numbers and its period is 219937 — 1 ~ 4.3 . 106001,

Whatever the chosen pseudo-random number generator, let us take as granted that given a seed
zg € {0,...,m — 1}, it returns a sequence (xy,),>1 of numbers in {0, ...,m — 1}, which has the
following statistical properties:

(i) they look independent;

(ii) they look uniformly distributed in {0,...,m — 1} in the sense that each integer x €
{0,...,m — 1} appears in the sequence (z,,),>1 With equal frequency 1/m.

Defining U,, = x,,/m € [0, 1), we thus obtain a sequence of pseudo-random independent variables

such that, for any n > 1, for any interval C' C [0, 1],

1
. ]l{uec}du.

m—1
1
PU. €C)=— > Niajmecy =~ /
z=0 w

This motivates the following definition.

Definition 1.1.1 (Uniform distribution). A random variable U in [0,1] is called uniformly dis-
tributed on [0, 1] if it has the density

p(u) = Liuepo,1)y-
We denote U ~ U0, 1].

Exercise 1.1.2. Let U ~ U|0, 1]. Show that the random variable 1 — U has the same distribution
as U.

From now on, we shall thus work under the assumption that our computer is able to generate
independent variables (U,,),>1 which are uniformly distributed on [0,1]. In the sequel of this
Section, we study how to use this sequence in order to sample a random variable X with a given
distribution.

Example 1.1.3 (Uniform distribution). The uniform distribution on the interval [a, b], denoted by
Ula, b), is the probability measure with density

1
p(@) = g Liselo)}-

IfU ~U[0,1], then X :==a+ (b—a)U ~ Ula,b].

Remark 1.1.4. Most scientific computing languages allow you to fix the seed of your pseudo-
random number generator. This makes your code no longer random but this may prove very help-
ful for reproducibility, comparison of your code and experimental results with others, or simply
debugging.

*Matsumoto, M. and Nishimura, T. Mersenne twister: A 623-dimensionally equidistributed uniform pseudorandom
number generator, ACM Transactions on Modeling and Computer Simulations (1998).
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Elementary discrete distributions
We first introduce several discrete distributions.
Definition 1.1.5 (Bernoulli, binomial and geometric distributions). Let p € [0, 1].

(i) A random variable X in {0,1} such that P(X =1) =pand P(X =0) =1 — piscalled a
Bernoulli random variable with parameter p. We denote X ~ B(p).

(ii) Let n > 1 and X1, ..., X, be independent Bernoulli random variables with parameter
p. The random variable S := X1 + --- + X, is called a binomial random variable with
parameters n and p. We denote S ~ B(n,p).

(iii) Assume that p € (0,1] and let (X;);>1 be a sequence of independent Bernoulli random
variables with parameter p. The random variable T := min{i > 1 : X; = 1} is called a
geometric random variable with parameter p. We denote T' ~ Geo(p).

The numerical sampling of the Bernoulli, binomial and geometric distributions is addressed in
the next exercise.

Exercise 1.1.6. Let (U,,),>1 be a sequence of independent uniform variables on [0, 1].
1. Using an if test, how to draw a random variable X ~ B(p)?
2. Using a for loop, how to draw a random variable S ~ B(n,p)?

3. Using a while loop, how to draw a random variable T' ~ Geo(p)?

1.1.2 The inverse CDF method
Discrete distributions

Let X be a random variable taking its values in some finite set £ with cardinality m, and let
(px)zer be its probability mass function (that is to say, p, = P(X = z)). An intuitive algorithm
allowing to sample X from a uniform random variable U € [0, 1] is the following:

1. label the elements of F in some arbitrary order x1, ..., Zm;
2. select the unique index ¢ € {1,...,m}suchthatp,, + - +py, , <U < pg +- - +Days
3. return X = x;.
It is clear that we have
P(X =) =P(pay + -+ D2y <U <pay +-+pPa;) = Days

so that X has the correct law.

CDF and inverse CDF

The generalisation of this approach to arbitrary, real-valued random variables, is based on the
introduction of the Cumulative Distribution Function of such variables.

Definition 1.1.7 (Cumulative Distribution Function). Let X be a real-valued random variable.
The Cumulative Distribution Function (CDF) of X is the function Fx : R — [0, 1] defined by

Vz € R, Fx(z):=P(X < z).
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Remark 1.1.8. Since the Borel o-field on R is generated by the intervals of the form (—oo, |, by
Dynkin’s Lemma, two random variables have the same CDF if and only if they have the same law.

Exercise 1.1.9 (Properties of CDFs). Let F'x be the CDF of a random variable X. Show that:
1. Fx is nondecreasing;
2. limgy oo Fx(z) =0, limy 4 o0 Fx(z) = 1;
3. FXx is right continuous and has left limits.

When X has a density p, Definition 1.1.7 yields the identity
x
ek Fe@)= [ pldy
Yy=—00
which shows that F’x is continuous and dz-almost everywhere differentiable, with F§ = p.

Definition 1.1.10. Let F'x be the CDF of a random variable X. The pseudo-inverse of F'x is the
function F)El : [0,1] — [—o00, +0o0] defined by

Yu € [0, 1], Fyl'(u) :=inf{z € R: Fx(z) > u},
with the conventions that inf R = —oo and inf @ = +oc.

The pseudo-inverse of a CDF is nondecreasing, left continuous with right limits. When F'x
is continuous and increasing, then F' )}1 is the usual inverse bijection of F'x. In general, it need
not hold that Fiy (F;' (u)) = u or Fy.'(Fx(z)) = z, but the following weaker statement remains
true.

Lemma 1.1.11 (CDF and pseudo-inverse). Let F'x be the CDF of a random variable X. For all
z €R, u € (0,1), we have Fy' (u) < x if and only if u < Fx ().

Proof. Since F is right continuous, for any u € (0,1) the set {x € R : Fx(x) > u} is closed,
therefore Fx(Fx'(u)) > u. Since Fy is nondecreasing, we deduce that if Fiy'(u) < z then
u < Fx(x). Conversely, if u < Fx(x), then by the definition of F)El, F)El(u) < z. O

Corollary 1.1.12 (The inverse CDF method). Let F'x be the CDF of a random variable X, and
let U ~ U]0, 1]. The random variables X and F )}1 (U) have the same distribution.

Proof. By Lemma 1.1.11 and Definition 1.1.1, for all x € R,
Fx(x)
PF(U) 0) =P < Fx(@) = [ du=Fx(a)
u=0

so that the random variables X and F'y (U have the same CDF. From Remark 1.1.8 we conclude
that they have the same distribution. O

We illustrate this method on the exponential distribution.

Definition 1.1.13 (Exponential distribution). Let A\ > 0. A random variable X in [0,+00) is
called exponential with parameter X if it has the density

p() = Lgpsppre .

We denote X ~ E()).
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An immediate computation shows that the CDF of X writes

0 if z <0,
Fx((ﬂ):{ -

1—e* otherwise.

As a consequence, for all u € [0, 1],
1 1
F{ i (u) = 3 In(1 — u),

with the obvious convention that In0 = —oo. Therefore, to draw a random variable X ~ E(\),
one may take a uniform variable U on [0, 1] and return —+In(1 — U). Notice that, by Exer-
cise 1.1.2, it is also equivalent to return —3 In(U).

1.1.3 The Box—Muller method for Gaussian random variables

We recall that the Gauss integral is equal to’

22
/ exp (——) dz = v 2m.
zeR 2

Definition 1.1.14 (Standard Gaussian variables). A random variable G in R is a standard Gaussian
variable if it has the density

1 ( x? >
—exp|—— ).
V2 P 2
Exercise 1.1.15. If G is a standard Gaussian variable, show that G € LP(P) for any p € [1,400)
and compute E|G] and Var(G).

It follows from this exercise that for any p, o € R, the random variable X = u + oG satisfies
E[X] = p and Var(X) = o2. This remark is used in the next definition.

Definition 1.1.16 (Gaussian variable). If G is a standard Gaussian variable, then for any i, 0 € R,
the random variable
X=p+oG

is called a Gaussian random variable with mean . and variance . Its law is denoted by N' (11, o?).

Gaussian variables are also called normal. The fact that the law of X only depends on o
through o2 is justified by the following result.

Exercise 1.1.17. Show that if X ~ N (i1, 0?) with 0> > 0, then X has density

1 (z —p)?
exp| ——— ] .
V2mo? 20

We insist on the fact that the definition of Gaussian random variables also includes the case
where 0 = 0, in which case X is the almost surely constant random variable equal to p. In this
case, the law of X is the Dirac measure ., and therefore it does not have a density.

By definition, the problem of sampling from Gaussian distributions reduces to the case of the
standard Gaussian distribution. Let ® : R — [0, 1] denote its CDF, given by

v= [ (L)

3Do not hesitate to redo the computation just to be sure that you still know how to!
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It is known that ® cannot be expressed in terms of usual functions, such as polynomials, exponen-
tials or logarithms. Hence the inverse CDF method cannot be applied in the present case. We shall
present an ad hoc approach, called the Box—Muller method".

Proposition 1.1.18 (Box—Muller method). Let R ~ £(1/2) and © ~ U[0,2x] be independent
random variables. The random variables

X :=VRcosO, Y := VRsin®,
are independent and follow the standard Gaussian distribution.

Proof. We use the dummy function method and let f : R? — R be measurable and bounded.
Since R and © are independent, the law of the pair (R, ©) is the product of the marginal densities,
and therefore

E[f(X,Y)]=E [f <\/§cos@,\/}_fsin@)]
- +o0 27 \/7 0 \/_ 0 dg 1 _T,/Qd
_/rzo ezof( 7 cos 0, /1 sin )%56 T.

Using the polar change of coordinates x = /7 cos 6, y = /7 sin § in the right-hand side, we get

w2+y2
2

BFLY)) = [ Faa)gsew

) dxdy,
(z,y)€R?

which shows that the pair (X, Y") has density

s ((50) = e () v (5)
—exp | — = exp| —— | —=—exp|—= |,
o7 P 9 5 P\ T ) s TP\ T

which implies that X and Y are independent standard Gaussian variables. O

Since both R and © can be sampled using the inverse CDF method, Proposition 1.1.18 pro-
vides a method to sample X and Y from two independent uniform random variables on [0, 1].

Remark 1.1.19 (What does my computer really do?’). The Box—Muller method is used by NumPy’s
random. standard_normal function to generate Gaussian variables. Its newer random number
generator class, called Generator, uses another method called the Ziggurat algorithm, which is
presented in Subsection 1.3.3. In contrast, the statistical software R uses the inverse CDF method
to generate Gaussian samples, with a numerical approximation of the function 1.

1.2 Random vector simulation

In this Section, we consider the issue of simulating random vectors, that is to say random variables
with values in RY. For any p > 1, we denote by LP(PP; R?) the set of random vectors whose
coordinates are random variables in LP(P). If X = (X1,...,X,) € LY(P;R%), we denote by
E[X] the d-dimensional vector (E[X1],...,E[Xy]). If X = (X1,...,X,) € L%P;R%), we
denote by Cov[X] the d x d matrix with coefficients Cov(X;, X;) = E[(X; — E[X;])(X; —
E[X;])] = E[X;X;] — E[X;]E[X}]. Tt is called the covariance matrix of X, it is symmetric, and
by Exercise 1.2.1 below, it is nonnegative.

“Box, G. E. P. and Muller, M. E. A Note on the Generation of Random Normal Deviates, The Annals of Mathematical
Statistics (1958).
3 According to the blog post https://medium.com/mti-technology/how-to-generate- gaussian-samples-3951£2203ab0.
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Exercise 1.2.1. Ler X € L%(P;R?) with covariance matrix K.
1. Show that, for any u € R, Var((u, X)) = (u, Ku).
2. Show that, for any b € RF, A € RF*4, Cov[b+ AX] = AKAT,

1.2.1 Gaussian vectors

We recall that the characteristic function U x : R* — C of a random vector X € R? is defined by
VueRY,  Uy(u)=E [ei<uvx>} = E [cos({u, X))] + iE [sin({u, X))] .

Two random vectors have the same law if and only if their characteristic functions coincide.

Proposition 1.2.2 (Characteristic function of Gaussian variables). Let X ~ N(u,0?). Then, for
any u € R,

o2
Ux(u) = exp <i,uu - 7u2> .
The proof of Proposition 1.2.2 is postponed to Exercise 1.4.5.

Definition 1.2.3 (Gaussian vector). A random vector X € R% is Gaussian if, for any u € R? there
exist 1 € R and 0® > 0 such that (u, X) ~ N (i1, 02).

Let X € L2(P;R%). Set m = E[X] € R? and K = Cov[X] € R?™*?, For any u € RY, it is
immediate that E[(u, X)] = (u, m), and by Exercise 1.2.1, Var({u, X)) = (u, Ku). Therefore, if
X is Gaussian, then necessarily, (u, X) ~ N ({u, m), (u, Ku)), and thus by Proposition 1.2.2,

Ux(u)=E [ei<“’X>] = exp <i(u,m> — %(u, Ku>> .

We deduce the following statement.

Proposition 1.2.4 (Characteristic function of Gaussian vectors). The random vector X is Gaus-
sian if and only if there exist m € R? and K € R**% such that, for any u € R?,

W (1) = exp <i<u,m> - %(u,Ku>> .

In this case, we have m = E[X] and K = Cov[X], and we denote by Ny(m, K) the law of X.

We now address the question of how to simulate a random vector drawn from the Gaussian
measure Ny(m, K) for some given m € R? and K € R%*9, To proceed, we first remark that the
Box—Muller method described in Proposition 1.1.18 allows to simulate independent realisations
G1,...,Gy of the standard Gaussian distribution. We next recall that, by the Spectral Theorem,
for any symmetric nonnegative matrix X € R%*?, there exists Ay, ..., Aq > 0 and an orthonormal
basis (eq,...,eq) of R% such that for any i, Ke; = \e;.

Proposition 1.2.5 (Simulation of Gaussian vectors). Let m € R? and K € R4 be a sym-
metric and nonnegative matrix, with associated eigenvalues \1, ..., \q > 0 and eigenvectors
(e1,...,eq). Let Gy, ...,Gq be independent standard Gaussian variables. Then

d
X=m+ ZGZ-\/)\_Z-GZ- ~ Ng(m, K).

i=1
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Proof. For any u € RY,
d
(u, X) = (u,m) + ZG“/ Ai(u, e;)
i=1

is a sum of independent Gaussian variables, therefore by Exercise 1.4.5, it is a Gaussian vari-
able. Hence, X is a Gaussian vector. Besides, it is immediate that E[(u, X)] = (u,m), and by
independence,

d
Var((u, X)) =Y Mifu, e:)* = (u, Ku),
i=1

which shows that E[X] = m and Cov[X] = K. O

Proposition 1.2.5 has the practical interest to show that, up to diagonalising the covariance
matrix, it is possible to sample from the Gaussian measure Ny(m, K) as soon as independent
standard Gaussian random variables are available. It may also be useful for theoretical purposes,
as in the next exercise.

Exercise 1.2.6. Show that, if K is invertible, X ~ Ny(m, K) has density

1 (x —m, K Yz —m))
enidet(k) Y <_ 2 >

with respect to the Lebesgue measure on R%. If K is not invertible, can you find a similar density
with respect to another measure?

1.2.2 Copulas

Let X = (Xy,...,Xy) € R?. In general, the collection of the marginal laws of X1, ..., X, does
not characterise the joint law of the vector, and a supplementary information is needed to describe
how these variables depend on each other. For Gaussian vectors, this information is contained
in the covariance matrix. Beyond the case of Gaussian vectors, the notion of copula allows to
characterise the dependency between the coordinates of a random vector.

Definition 1.2.7 (Copula). A function C' : [0,1]* — [0,1] is called a copula if there exists a
random vector (Uy, ..., Uy) € [0,1]% such that:

(i) foranyi e {1,...,d}, Uy ~U[0,1];

(ii) forany (ui,...,uq) € [0,1]%, C(uy,...,uq) = P(U; < uy,..., Uy < ug).
As a consequence of Definition 1.2.7, a copula has the following properties:
* it is nondecreasing in each coordinate;
o forany uy, ..., ui—1,Uit1,...,uqg C(u1,. .., ui—1,0,Uit1,...,uq) = 0;
o forany u;, C(1,...,1,u;,1,...,1) = u,.
Some elementary examples of copulas are given by the independent copula

C(uy...,ug) =uy -+ ug,
and the comonotonic copula

C(u1,...,ug) = min(uq, ..., uq).
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Exercise 1.2.8. Describe the law of the random vectors (Uy, . .., Uy) respectively associated with
the independent and comonotonic copulas.

The main result about copulas is the following statement, in which we generalise Defini-
tion 1.1.7 to random vectors by letting Fix (x1,...,24) = P(Xy < 21,..., X4 < z4). It remains
true that the CDF of X characterises its law.

Theorem 1.2.9 (Sklar’s Theorem®). Let X = (X1,...,Xy) € R? be a random vector with CDF

Fx.
(i) There exists a copula C'x such that for any (z1,...,x4) € RY,
Fx(zi1,...,zq) = Cx (Fx, (x1),...,Fx,(xq)) .
(ii) If the marginal CDFs Fx,, ..., Fx, are continuous, then the copula is unique and given by,

for any (u1, ..., uq) € [0,1]4,
_ -1 -1
Cx(ur,.. . ua) = Fx (Fxl(w), ... Fxl(za))

The copula of a random vector therefore allows to isolate the dependency structure of its
components, apart from their marginal distributions.

Exercise 1.2.10 (The Gaussian copula). Let X ~ Ny(m, K) and R the associated correlation
matrix, with coefficients

R = p(X;, X;) := K;iKj;
0 otherwise.

if Kii Kj; >0,

Show that the copula of X is given by

CX(’LLl, ce ,ud) = op (<I>_1(u1),. .. ,(I)_l(ud)) ,

where ® is the CDF of the standard Gaussian distribution on R, and ® g, is the CDF of the Gaus-
sian measure Ny(0, R).

Given the system of marginal distributions and the copula of a random vector X, we now ask
how to generate samples of X. This is done with the following two-step procedure.

Lemma 1.2.11 (Sampling vectors with given marginal distributions and copulas). Let C' be a
copula and Fy, . .., Fg be CDFs on R. Consider the following algorithm:

1. Generate (Uy,...,Uy) with CDF C.
2. Return X = (F{ (), ..., FyH(Uy)).

The vector X has copula C and each component X; has CDF F;.

®Sklar, A. Fonctions de répartition a n dimensions et leurs marges, Publications de I’Institut de Statistiques de
[’Université de Paris (1959).
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The proof of Lemma 1.2.11 is straightforward. We now focus on the first step, namely: given
a copula C, how to sample (Uy,...,Uy) € [0,1]¢ with CDF C? To proceed, we assume that
(Uy,...,Uq) has adensity c(uq, ..., uq), related with C' by the identity

oiC
— (U1, .. -y ug) = c(uq, ..., uq).
8u1~~8ud( 1 ) d) ( 1 ) d)
For any k € {1,...,d}, the marginal density of (U1, ..., Uy) is given by
1 1
ck(ul,...,uk):/ / c(Upy oy Uy Vgt 1y - - -5 Vg)dUg - - - Vg1
vk+1:0 vd:O
okC
= (upye w1, 1),
8U1 s 8uk( ! b )
and, for k € {1,...,d — 1}, it satisfies the identity
1
ck(ul,...,uk) = / ck+1(u1,...,uk,’ukﬂ)dvkﬂ.
Uk+1:0
As a consequence, for any (uy, ..., u) € [0,1]%, the function Fjy1(-|uy, ..., uy) defined by
Uk+1
/ Ck+1(’LL1, vy Uk, Uk+1)dl)k+1
11=0
Vuprr €[0,1],  Frga (|, . ug) = =5
/ 1 (Uts -y ks Vo1 ) AUk 41
’l)k+1:0

is a CDF, which can be interpreted as the conditional CDF of Uy, 1 given (Uy, ..., Uy)’.
We now consider the following algorithm:

1. draw Uy ~ U[0, 1];

2. fork =1,...,d—1,draw Uj_ ; ~ U[0, 1] independently from (Uy,...,Uy) and set U 41 =
F L (U U Up).

Proposition 1.2.12 (Sampling from a copula). The vector (Uy,...,Uy) € [0,1]¢ generated by the
algorithm above has CDF C.

Proof. For k € {1,...,d}, we set Cy(uq,...,ux) = C(uq,...,ug,1,...,1), and show by in-
duction on k that CY, is the CDF of (Uy, ..., Uy) constructed by the algorithm above. For k = 1
this is straightforward since C1(u1) = wuy by the basic properties of copulas. Let us now fix
k e {1,...,d — 1} such that (Uy,...,Uy) has CDF C}, and therefore density c(u1, ..., ux),
and compute the CDF of (Uy,...,Uy11). Since Ugy1 = F,;Jrll(U,g+l|U1, oy Ug), with Uy ~

U0, 1] independent from (U, ..., Uy), we may write
P(U1 <wuiyeoo U < g, Ugrr < upga)
F-l
:]P)(Ul <ug, e, Uk < ug, k+1(Ul;+1|U17 s Uy ) <uk+l)
]P)(Ul <uy,...,Ug <uk,Uk+1 <Fk+1(uk+1\U1,...,Uk))
/

= / . ]]‘{’Ulgul,---7'nguk7v;€+1§Fk+1(uk+l‘Ulv---vvk)}ck‘(vla v 7Uk)dU1 e d'Uk;d'Uk_HL

’U1, ,’l)k,’l)k+1 01} 1
= / Ly <un,ovp<upd Pl (Wt o1, - o) eg (v1, - oo v )doy - - - dwg.

Vlyeeny )E[O l]k

"because its derivative ¢y, (u1, . . . , ug)/Cri1(u1, . . ., uks1) is the conditional density of Uy given (Un, ..., Us).
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By the definition of Fj 1, we have

Uk+1
Fiqp1(ugg1|vr, .- ok)er(vr, ... vg) =/ Clot1(V1, + - 5 Uk, Vg1 ) dVR 41,
Vg4+1=0

which yields

P(Uy <wupy..o Uk < ug, Uk < upgr)

= / 1{U1SU17~~~7kauk7vk+1Suk+1}ck+l(Ul’ sy Vg1 )dor - dug

(v1,...,vk,vk+1)€[0,1}k+1

= Cpg1(ur, ..., up41),

and completes the proof. O

1.3 Rejection sampling

1.3.1 Sampling from a conditional probability

Let ) be a probability distribution on some measurable space (E, ) and D € € such that Q(D) >
0. The conditional probability Q(:|D) is the probability measure on D defined by
Q(C)

Q(C|D) = o(D)

for any measurable subset C' C D; in other words, it is the measure with density ﬂé?””(‘glf)} with
respect to .

Assume that you have an iid sample from (), and that you want to get random variables with
distribution Q(-|D). A somewhat obvious algorithm is then to only keep elements of your sample
which fall into D. The next statement shows that this algorithm is correct.

Proposition 1.3.1 (Rejection sampling from a conditional probability). Let (X, )n>1 be indepen-
dent variables with distribution @), and set N := inf{n > 1: X,, € D}.

(i) N ~ Geo(Q(D));
(ii) Xn has distribution Q(-|D);
(iii) N and Xy are independent.

Proof. We fix n > 1, a measurable subset C' of D, and compute

P(N=nXyeC)=P(X,¢D,Xs¢D,...,Xp_1¢D,X, €C)
= (1-Q(D)"'Q(C).

Taking C' = D shows the first point of the Proposition. Summing over n yields the second point,
and allows to deduce that the right-hand side above rewrites P(N = n)P(Xy € C), which leads
to the third point. O

Example 1.3.2 (Uniform distribution). For any mesurable subset D of R with Lebesgue measure

|D| 12/ Lizepydz € (0, 400),
zcRd
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the uniform distribution /(D) on D is the probability measure on R? with density Lizepy/IDI If
R is a measurable subset of RY which contains D and has finite Lebesgue measure |R|, then it is
immediate to check that the uniform distribution U(R), conditioned to D, is U(D): conditioning
the uniform measure to a subset gives you the uniform measure on the subset. In particular, if
you want to sample from the uniform distribution on some complicated but bounded set D, you
may frame it into a rectangle R and use rejection sampling by drawing uniform samples in the
rectangle R, which is easy, and only keep the samples that fall into D.

1.3.2 Generalisation

The rejection algorithm exposed in Subsection 1.3.1 can be cleverly employed to sample from
probability distributions which are not directly conditional probabilities as given by Proposi-
tion 1.3.1. Let p : R? — [0,400) be a probability density. Our goal is to sample from p.
We start from the following remark.

Lemma 1.3.3 (Uniform density on the graph of p). Let
D :={(z,y) € R! x [0,400) : 0 < y < p(2)}
be the graph of p.
(i) D has (d + 1)-dimensional Lebesgue measure 1.
(ii) If (X,Y) ~U(D), then X has density p.

Proof. The (d + 1)-dimensional Lebesgue measure of D is

—+00
|D| = / / Ly<p(e)dydr = / p(z)dr = 1.
z€R? Jy=0 z€RC

If (X,Y) is uniformly distributed in D, the marginal density of X is

+o0
/ Liy<p)rdy = p(z). O
Y

As a consequence of Lemma 1.3.3, to draw X € R? with density p, it suffices to draw (X,Y")
uniformly in D. This is where the method described above becomes relevant: if one is able to
find R ¢ R guch that D C R and one may draw uniform samples (X,,,Y},),>1 in R, then by
Example 1.3.2 letting N := inf{n > 1: (X,,,Y,) € R} one deduces that (X, Yxy) ~ U(D) and
therefore, by Lemma 1.3.3, Xy has density p. In this perspective, let us assume that there exists
f:R% — [0, +00) such that p(z) < f(z) for all z € R, so that

DCR:={(z,y) e RTx [0,+00) : 0 <y < f(x)},
and that:
i) |R| = fxeRd f(z)dx < 4o00;
(i) one is able to draw random variables with density ¢(x) = f(z)/|R|.
The next Lemma shows how to draw samples (X,,, Y},),>1 which are uniformly distributed in R.

Lemma 1.3.4 (Uniform density on the graph of f). Let ¢ : R® — [0, +00) be the probability
density defined by q(x) = f(x)/|R|. Let X with density q and U ~ U|0, 1] be independent from
X. Then the pair (X, U f(X)) is uniformly distributed in R.
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Proof. For any measurable and bounded function g : R%*! — R, we have

1
Elg(X,Uf(X))] = / » /  gleuf(@))g(e)dadu.

Replacing ¢(z) with f(z)/|R| and then setting y = uf(z) we get

f(z) 1
Bl USCO) = [ [ gl) rdad,
zeRe Jy=0 ‘R’
which shows that (X, U f(X)) has density \—}ﬂﬂ{ogygf(x)} O

The overall rejection procedure is summarised in the next statement, where we write k = |R|.

Theorem 1.3.5 (Rejection sampling). Letp : R? — [0, 4+-00) be a probability density. Assume that
there exist a probability density q : R? — [0, +00) and k > 1 such that, dx-almost everywhere,
p(z) < kq(z). Let (X,)n>1 be a sequence of independent random variables in R? with density
q, and (Uy)pn >1 be a sequence of independent random variables uniformly distributed in [0, 1],
independent from (X, )n>1. Let N := inf{n > 1 : kq(X,,)U,, < p(X,)}.

(i) N ~ Geo(1/k).
(ii) Xy has density p.
(iii) N and Xy are independent.

Proof. Let f(z) = kq(x),and R = {(x,y) € R? x [0,400) : 0 <y < f(x)}. By Lemma 1.3.4,
the pairs (X, Uy f(X,,)) are independent and uniformly distributed on R: moreover, N rewrites
as inf{n > 1: (X,,U,f(X,)) € D}, where D = {(x,y) € R? x [0,400) : 0 < y < p(x)}.
Therefore, by Proposition 1.3.1, we have: N is a geometric random variable with parameter
|D|/|R| = 1/k; (Xn,Un f(Xn)) is uniformly distributed on D — which by Lemma 1.3.3 im-
plies that Xy has density p; N and (Xn,Un f(X)) are independent. O

Remark 1.3.6. Theorem 1.3.5 can easily be generalised to the case where one wants to draw X
from a probability measure P on some abstract space E, and has access to samples under Q) > P,
with % < k, Q-almost everywhere. Then the statement of Theorem 1.3.5 remains in force, with

N defined as the first index for which kU,, < %(Xn).

Rejection sampling is useful when one is not able to sample directly from p, but can find ¢
such that p < kq and sampling from q is easier. Clearly, the smaller &, the faster the algorithm,
therefore from a computational point of view it is of interest to take ¢ as a ‘good approximation’
of p.

1.3.3 The Ziggurat algorithm

Let p : [0,400) — [0,+00) be a continuous probability density, which is assumed to be nonin-
creasing on [0, +00). The typical example that we have in mind is

p(z) = \/gexp <—%2> . (1.1)

Exercise 1.3.7. Let X have density p given by (1.1), and € be independent from X and such that
P(e = —1) =P(e = 1) = 1/2. Show that eX is a standard Gaussian variable.
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The basis of the Ziggurat algorithm® consists in covering the graph of f with a number L of
horizontal layers defined as follows.

1. Fix 1 > 0, set y; = p(x1), and define the layer 0 as
([0, 21] x [0,91]) U{(z,y) € [0,+00) x [0,4+00) : & > z1,y < p(x)}.

Denote by
+o0o
A= z191 —I—/ p(z)dz
r=x1

the area of the layer 0.

2. On top of the layer 0, add a rectangular layer of width = and height A/z1, so it also has
area A. The top of this layer is at height yo = y1 + A/x1, and intersects the density function
at a point (x2, y2), where yo = p(x2).

3. Further rectangular layers of area A are then stacked on top, until y;, < p(0) in which case
we set z7, = 0.

We obtain a covering of the graph of p with L layers of equal area A, see Figure 1.1. This
covering is the graph R of a function f : [0, 400) — [0, 4+00) which is such that

Yk ifxe [:Ek)xk—l)’ ke {27 s 7L}7
flz) = .
p(x) ifx >,

and
“+o0

|R| = f(z)dz = LA.
0

r=

Xo Xs X7 Xe X5 Xa X3 X2 X1

Figure 1.1: Construction of the layers.

Following Proposition 1.3.1 and Lemma 1.3.3, the goal is now to draw pairs (X, Y") uniformly
distributed on R, and to return X if Y < p(X). However, the Ziggurat algorithm uses a different

8Presented for instance in Marsaglia, G. and Tsang, W. W. The Ziggurat Method for Generating Random Variables,
Journal of Statistical Software (2000).
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approach from Lemma 1.3.4 to draw such pairs: first, it picks one of the layers uniformly at
random; then, it draws (X,Y") uniformly in this layer. Since all layers have the same area, this
indeed returns a pair (X,Y") which is uniformly distributed on R. Moreover, if the chosen layer
has index k& € {1,...,L — 1}, then it is a rectangle, so drawing (X, Y") uniformly in the layer is
easy:

e first, draw X uniformly in [0, z];

e if X < x4 then whatever the draw of Y it will always satisfy the condition that Y <
p(X), so return X;

e if X > x4 then draw Y uniformly in [yg, yx+1] and return X if Y < p(X), otherwise
restart with a new layer.

If the chosen layer is 0, then the algorithm needs to have a fallback procedure, which is able to
generate samples from the density 1y,~,,1p(x)/ f;:;l p(2')dz’. Then it works as follows:

* setxg = A/y1 > x1 and draw X uniformly on [0, z¢];
e if X < x7 then return X;
e if X > x; then draw X’ according to the fallback procedure and return X
Exercise 1.3.8. Check that this algorithm indeed returns a random variable X with density p.

Exercise 1.3.9. Show that, to sample from the density p given by (1.1), a possible fallback proce-
dure is to draw Ty ~ E(x1) and Ty ~ E(1) independent, and return X' = Ty + x1 if 211 > T3,
otherwise restart.

The reason why this algorithm is efficient is that, except for the fallback procedure, it does
not require the evaluation of complicated functions, such as sine or cosine, which may be costly.
Moreover, if the number of layers is large enough, samples are almost never drawn in the layer
0, and almost often land in the interval [0, x4 1] of the layer k, so they are rarely rejected and
drawing one sample only costs the draw of the random index of the layer k, and of the uniform
variable X € [0, z].

1.4 Complements

1.4.1 Exercises

Exercise 1.4.1 (Inverse CDF for standard densities). Apply the inverse CDF method to the follow-
ing standard probability densities.

1. The Pareto distribution with parameter o« > 0, with density ]l{x>1}aw_(a+1).

a_1 _
T a4z’

2. The Cauchy distribution with parameter a > 0, with density
3. The Weibull distribution with parameter m > 0, with density ]l{m>0}mwm_1 exp(—z™).

4. The Rayleigh distribution with parameter o> > 0, with density 150127 exp(— %)

Exercise 1.4.2 (Geometric distribution with a single U). Let X ~ E(\).
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1. What is the law of [X]?°

2. Deduce an algorithm which returns a Geo(p) random variable with a single uniform random
variable U.

Exercise 1.4.3 (Poisson distribution). A random variable N € N is distributed according to the
Poisson distribution with parameter A > 0 if, for any k € N,

/\k
_ =

We denote N ~ P(\).

1. Let (X;)i>1 be a sequence of independent exponential random variables with parameter \.
Show that inf{n > 0: X1 + -+ X,41 > 1} ~P(N).

2. Deduce an algorithm to draw a random variable N ~ P(\) using a sequence (U;)i>1 of
independent uniform variables on [0, 1].

Exercise 1.4.4 (Inverse of the inverse CDF). Show that if the CDF Fx of X is continuous, then
Fx(X) ~ U[0,1]. What happens if F' is discontinuous?

Exercise 1.4.5 (Characteristic function of Gaussian random variables). Let G ~ N (0, 1).
1. Show that ¥ is C' on R, and that for all u € R, Vi, (u) + u¥ g (u) = 0.
2. Deduce that Vg(u) = exp(—u?/2).
3. If X ~ N (p,0?), what is the expression of ¥ x (u)?
4. Let X ~ N(u,0?) and Y ~ N (v, 7?) be independent. Compute the law of X + Y.

Exercise 1.4.6 (Copulas are Lipschitz continuous). Let C' be a d-dimensional copula. Show that,
for any (u1, ..., uq), (vi,...,vq) € [0,1]%,

|C(ugy ... ug) — C(vr,...,v9)| <|ug — 1|+ -+ + |ug — vgl-

Exercise 1.4.7 (Unbiasing a coin toss'"). Assume that you have a random number generator which
returns independent Bernoulli variables with an unknown parameter p € (0,1). How to use it to
draw a Bernoulli random variable with parameter 1/2?

Exercise 1.4.8 (The Marsaglia polar method''). Let (Un, Vi)n>1 be a sequence of iid random
pairs such that for any n > 1, U,, and V,, are independent and uniformly distributed on [—1,1].
For any n > 1, we define S, = U2 + V.2 and set N = inf{n >1: S, < 1}.

1. What is the joint law of (N, (Un, Vn))?

2. Compute the law of the random pair (X,Y) defined by

31 31
X = Um/SOiiSN, Y:VN,/SOiiSN.

°For any = € R, [z] denotes the unique integer such that [z] — 1 < = < [z].

10This exercise is attributed to Von Neumann.

"'This method was introduced in Marsaglia, G. and Bray, T. A. (1964). A Convenient Method for Generating Normal
Variables. STAM Review.




1.4 Complements 21

Exercise 1.4.9 (Gamma distribution). The Gamma distribution with (shape) parameter a > 0 is
the probability measure on R with density

1 a—1_—z
p(ﬂf):ﬂ{mo}miﬂ e,

where I is Euler’s function
+oo
[(a) := / 2% e %dx.
=0
We assume that a > 1 and want to implement the rejection sampling method with q the density of
the exponential distribution with parameter \.

1. Which value of )\ should we take?
2. What will be the resulting value of k?

Exercise 1.4.10. Implement both the Box—Muller method and the Ziggurat algorithm to generate
large samples of independent standard Gaussian variables, and compare their efficiency in terms
of computational time.

1.4.2 Further comments

Beyond the fact that they are limited by their small period, linear congruential generators also suf-
fer from other issues: you can check https://en.wikipedia.org/wiki/Linear_congruential _generator
for further explanations.

A natural, slightly metaphysical question, is the following: given a probability measure P on
some measurable space (F, &), can we always construct a random variable X with distribution
P? The answer depends on the choice of the underlying probability space (£2,.4,P). Of course,
by taking (2, 4,P) = (E, &, P), the canonical variable X (w) = w has law P. So, given P on
(E,E), one may always find a probability space on which it is possible to construct a random
variable with distribution P. However, if the probability space (£2,.4,P) is given in advance, it
may not be possible to construct such a random variable: for instance, if € is a finite set, then it
is not possible to construct a random variable X € R with a density. The overall idea is therefore
that §2 must be “large enough”. In this perspective, the Fundamental Principle of Simulation [4,
Section 1.2] states that, as soon as E is a Polish space!?, then one may take 2 = [0, 1] endowed
with the Borel o-field and the Lebesgue measure. Indeed, on this space, for any probability mea-
sure P, there exists a random variable X defined on this space with law P. It even holds that given
a sequence of probability measures (P,,),>1, such that each P, is a probability measure on some
Polish space E,, there exists a sequence of independent random variables (X, ),>1 defined on
such that each X, has law P,.

The notion of Gaussian vector introduced in Subsection 1.2.1 can be generalised to infinite-
dimensional spaces, typically Hilbert or Banach spaces. This may be useful to model random
fields for example. In this context, the simulation method presented in Proposition 1.2.5 can be
extended, under the assumption that the covariance operator has good spectral properties. It is
called the Karhunen—Loéve expansion.

Zthat is to say that E a topological space which is separable and whose topology is induced by a distance which
makes it complete, and £ is the Borel o-field induced by this topology.
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Lecture 2

The Monte Carlo method

2.1 The Monte Carlo method

The goal of the Monte Carlo method is to numerically approximate an integral which writes under

the form
J ::/ f(z)P(dx), (2.1)
el

where (E, £) is a measurable space, P is a probability measure on F and f € L!(P).

2.1.1 Deterministic approach

Assume for simplicity that £ = [0,1]? and that P(dz) = d is the uniform distribution. Then
fixing N > 1 and setting 2, = (k1/N, ..., kq/N) fork = (ky,...,kg) € {0,..., N —1}9, the
basic deterministic approximation of J is given by

jN = % Z f(xk)7
k

obtained by replacing f with the piecewise constant function which takes the value f(x) on the
cell Cy := [k1/N, (k1 +1)/N) x -+ X [kq/N, (kq+ 1)/N).

The precision of this approximation is given by the fact that, if you assume that f is Lipschitz
continuous, then

|9 —In| = f(ag))dz

<Z/ ~ Flan)ldr £

As a consequence, to reach a precision € ~ 1/N, one needs to evaluate f at N¢ ~ (1/¢)¢ points.
This quantity grows exponentially in d: this is the curse of dimensionality.
2.1.2 Stochastic approach

The formulation (2.1) of J allows us to rewrite it under the form

J=E[f(X)],

where X is a random variable in E with law P. Then, if (X,,),>1 is a sequence of iid random
variables with common distribution P, the (strong) Law of Large Numbers ensures that

= % Z f(Xz)
i=1
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converges almost surely to J. The precision of the approximation of J by ﬁn is measured by the
Central Limit Theorem, which ensures that if 02 := Var(f(X)) < +oc, then

lim @
n—+oo g

(in - J) — N(0,1), in distribution.

This result ensures in particular that, given o € (0,1/2) and denoting by ¢;_, /2 the quantile of
order 1 — /2 of N'(0, 1) (see Figure 2.1), the interval

~ o -~ o
|:Jn - ¢1—o¢/2%7 In + (bl—a/Z% (2.2)
contains J with probability converging to 1 — a when n — +o00. Therefore, to reach a precision
€ ~ o /y/n, one needs to evaluate f at n ~ o2 /€2 points, which only depends on the underlying
dimension of E through the prefactor 2. So this method avoids the curse of dimensionality.

L—a | ¢1_qp
90% 1.65
95% 1.96
99% 2.58

¢o¢/2 = 7¢17(x/2 ¢17a/2

Figure 2.1: Quantiles of the standard Gaussian distribution. The hatched area on the figure is equal
tol— a.

2.1.3 Confidence intervals

In general, o2 is not known either, so the interval (2.2) cannot be actually computed.

Asymptotic approach

If n is large, 2 may however be estimated by the empirical variance of the sample

~2 1 = ~\2
62 == (rxi)=3,)
i=1
whose computation does not require new samples from X nor new evaluations of the function f.
By Slutsky’s Lemma,
lim Y2 (in - J) = N(0,1), in distribution,

n—+o00 Oy

and therefore the interval

o~ o~

On

|:jn - ¢1—a/2%7 In + ¢1—a/2%

also contains J with probability converging to 1 — o« when n — 4-00; it is called an asymptotic
confidence interval.
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Nonasymptotic approach

If n is not large enough for the asymptotic result above to hold, the Bienaymé—Chebychev inequal-
ity yields, for any r > 0,
P

Assuming that an upper-bound M, is available on o

the interval
~ IM 2 ~ | M,
[jn - —027 jn + o ]
no no

contains J with probability at least 1 —a: this interval is called an approximate confidence interval.
This procedure requires to be able to derive upper bounds on the variance of f(X7). This is
for example possible when f is bounded.

o

. 1 .
T — J‘ >r) < 5 Var(l,) = .

nr2

2 as in Lemma 2.1.1 below, we deduce that

Lemma 2.1.1 (Universal bound on the variance). Assume that f(z) € [a,b] for any x € E, with
—o0o < a<b< +oo. Then
(b—a)

T

Proof. The statement is obvious if a = b, otherwise we let U = f(X)/(b — a) € [0,1]. We have
U? < U and therefore

0? = Var(f(X)) <

1
Var(U) = E[U?] - E[U]> <E[U] - E[U]* < sup u—u’= T
u€(0,1]
and we complete the proof by noting that Var(f(X)) = (b — a)? Var(U). O

The whole game of approximate confidence intervals is to find bounds as sharp as possible,
because taking larger and larger confidence intervals increases the probability of J to belong to
the interval, but makes the estimation less precise. In an extreme and caricatural case, R is an
interval which contains J with probability 1, so larger than any 1 — «, but this is not informative
on the value of J at all. In this perspective, when f is bounded, the Hoeffding inequality' provides
sharper confidence intervals (as a function of ) as the Bienaymé—Chebychev inequality.

Proposition 2.1.2 (Hoeffding inequality). Under the assumptions of Lemma 2.1.1, we have, for

anyr > 0andn > 1,
-~ 2nr?

The proof of Proposition 2.1.2 is detailed in Exercise 2.3.1.

2.2 Variance reduction

As is discussed in the previous Section, the precision of the Monte Carlo method essentially de-
pends on the ratio o/1/n. There are two typical situations in which this ratio may be large:

» sampling from X, or evaluating f at the sample X, may be costly, so the computational
budget n may be limited;

"Hoeffding, W. Probability inequalities for sums of bounded random variables, Journal of the American Statistical
Association (1963).
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* the standard deviation o of f(X) may be large with respect to the expectation J of f(X), so
the size of the sample n required to have a good approximation o //n < |J| may be huge.

An instance of the second situation is the rare event setting: assume that f(z) = 14,4y for some
subset A such that ] = P(X € A) < 1: we are trying to estimate the probability of a rare event,
which we prefer to denote by p rather than J. Then o2 = Var(lyxcay) = p(1 —p) =~ p, so
to reach a relative precision §, that is to say to have o//n of order &p, one needs n ~ 1/(ps?)
samples. If the probability that we aim to estimate is p = 10~ then, for a relative precision & of
1%, this means that the sample must be of size n = 10,

Exercise 2.2.1. In the rare event setting, what is the expected number of samples that you have to
draw before observing a single realisation of the rare event?

This discussion shows that there is an interest in reducing the variance o2. In this Section, we
present two approaches to this issue: the control variate method and importance sampling, which
are respectively adapted to the first and second situations described above. In Subsection 2.3.1,
two other methods are studied: the use of antithetic variables and stratified sampling, which are
more concerned with the sampling of X. Last, the splitting algorithm for the estimation of the
probability of rare events is studied in Problem 2.

2.2.1 Control variate

In this Subsection, we assume that in addition to X1, ..., X,,, we are able to sample iid random
variables Y71, ..., Y,, whose common expectation E[Y] is known analytically. Then, for all 5 € R,

I=E[f(X)] = E[f(X) - Y] + BE[Y],

which suggests to approximate J by the estimator

n

TV = S (F(X) — BYE) + B[V,
=1

The variance of this estimator is (0<V+#)? /n, where
(6P = Var(f(X) — BY) = 02 — 28 Cov(f(X),Y) + 52 Var(Y).

We may already remark that if Cov(f(X),Y) = 0 then (¢“V-#)? is always larger than the vari-
ance o2 associated with the original Monte Carlo estimator: for the control variate method to be

efficient, it is thus necessary that f(X) and Y be correlated. The choice of /3 for which (o<V:#)?

is minimal is then
g = GV (X),Y)
~ Var(y)
which yields the variance
VT =0 (1- 7).

where

__ Cov(f(X),Y)
¥ Vet (F (X)) Var(Y)
is the correlation coefficient between f(X) and Y. As a consequence, the more f(X) and YV

are correlated, the better the variance reduction. Typically, one may choose Y of the form g(X),
where the function g is close to f in regions where X has a high probability to take its values,

€ [-1,1]



2.2 Variance reduction 27

while being ‘simpler’ than f, in the sense that E[g(X)] is easier to compute than E[f(X)] — see
Exercise 2.2.3 for an illustration.

In practice, the optimal choice of 5 depends on the quantity Cov(f(X),Y) which may need
to be estimated. Let us introduce

~ 1 <& ~ _
Cn= E z;(f(Xz) - jn)(Y; - Yn)-
1=
The strong Law of Large Numbers shows that
- C,
bn = Var(Y)
converges to 5* almost surely, and Slutsky’s Lemma then yields the following result.

Proposition 2.2.2 (Control variate method). Let (X;,Y;)1<i<n be a sequence of iid pairs such
that f(X;),Y; € L2(P). Foralln > 1, let

n

TV = LS (F() - B + BRELY)

i=1
with B;i defined above. The interval
5V sCV
ng — P1—a/2 ;)" ACV + O1—ay2 ( 2) )

where
CVy2 2 2 2 2
is an asymptotic confidence interval.

The control variate method is typically suited for cases where the evaluation of f is costly:
it may represent a high-precision numerical code. If a low-precision code g, sometimes called
surrogate model, is available, then using g(X) as a control variate generally provides a good
variance reduction, while E[g(X)] can be estimated by direct Monte Carlo approach with a much
larger sample size than the original one.

Exercise 2.2.3 (An application of the control variate method). Let X ~ N(0,1). Forall t > 0,

we define
1

ft(!E) = ma

and set
=E dz.
LfilX w@;/x@@urm?
Let X1, ..., X, be independent N (0,1) variables, and let Y; = 1 — tXZ-Z.
1. Compute E[Y7].

2. Compare numerically the variances of the Monte Carlo estimator J,, and of the control
variate estimator 15V .

3. How does this comparison vary with t? What is your interpretation of this fact?
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2.2.2 Importance sampling

Importance sampling is based on the remark that, for any probability measure () on E such that

P < Q,
J—/ f(x)dP(x / f(@)w(z)dQ(z),

where the function w is simply the density

dP
w(z) = 35()
As a consequence, the quantity
n
qis . 1
=1
where Y71,...,Y, are iid with law (), converges almost surely to J. In fact, the existence of the

density w(x) is only necessary when f(x) # 0, so the actual condition on @ is that

L p ()01 dP(2) < ip(a)20ydQ(), 2.3)

and we still denote by w the associated density.

Exercise 2.2.4. Show that if P < @, then Q satisfies (2.3), but that the converse does not hold
true in general.

The whole game of importance sampling then consists in choosing ) in order to make the
asymptotic variance

(06)% := Var(f(Y)w(Y))

as small as possible.

Proposition 2.2.5 (Optimal choice of Q). LetJ = E[| f(X)
and define the probability measure Q* by

|, assume that this quantity is positive,

(i) Q* satisfies (2.3) and (UQ*) —7
(ii) For any probability measure (Q which also satisfies (2.3), (O’IQ*) < (o} 5 )2,
(iii) If f has constant sign P-almost everywhere, then (O'Q*) =0.

Proof. As a preliminary remark, we note that for any () satisfying (2.3),
(@57 =E[(fMw)’| -2 v~Q 2.4)

First, it is easily checked that 1 ()01 d P () has density




2.3 Complements 29

with respect to 11 7(;)201dQ* (), therefore Q™ satisfies (2.3) and besides, if Y* ~ Q*, then

2

B (0w o)) = [ 1rwF () @)
=
=7 [ dQ*)
yeE
-7

which, together with (2.4), proves (i). The point (iii) then immediately follows.
_Second, let us fix @ which satisfies (2.3) and denote by w the associated density. By definition
of J and w, and the Cauchy—Schwarz inequality,

7= </er \f(x)\ﬂ{f(m)¢o}dP(x)>2
= </y€E \f(?/)\w(y)]l{f(y)sé()}d@(y))2

< / £ ) Pw0(®)L 520, dQ(y)
yeE

—E |(f()w(V))?],
with Y ~ @. Combined with (2.4), this estimate completes the proof of (ii). ]

In practice it is impossible to implement the method with the optimal measure QQ* since the
latter depends explicitly on the quantity J, which is likely to be unknown — and, in the case where
f is nonnegative P-almost everywhere, is exactly the quantity J which we aim to estimate. Still,
this lemma suggests that a ‘good’ choice of () would be one which has a large mass under the
measure |f(x)|dP(x).

Importance sampling is particularly adapted for the estimation of rare event probabilities, an
example of application is proposed in Exercise 2.2.6. In this context, the theory of Large Devia-
tions is a good tool to study the efficiency of the method: this is presented in Problem 1.

Exercise 2.2.6 (Application of importance sampling). Let X ~ N (0,1), and 3 = P(X > 20).
Compute (numerically) the asymptotic variance of the importance sampling estimators of J ob-
tained by taking:

* q the density of 20 + Y, where Y ~ £(1);
* q the density of N'(20, 1).

2.3 Complements

2.3.1 Exercises

Exercise 2.3.1 (The Hoeffding inequality). Throughout the exercise, we let Y1, . ..,Y, be iid ran-
dom variables which take their values in [0,1]. We set Z; = Y; — E[Y;] and, for any X > 0,
define

F(X\) =logE [exp(\Z1)].

1. Show that F'(\) = E\[Z1] and F"(\) = Var)(Z) for some probability measure Py to be
defined.
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5.
6.

Deduce that, for any X > 0, Elexp(AZ1)] < exp()\2/8).

Deduce that, forany r > 0 andn > 1,
" A2n
P ZZZ-ET\/E Sexp(——)w*ﬁ).
i=1 8

Optimising in A > 0, conclude that
n
P (Z(Yi ~E[Y}]) > n/ﬁ) < exp(—2r?),
i=1
Complete the proof of Proposition 2.1.2.

Under the assumptions of Proposition 2.1.2, compute an approximate confidence interval
for J based on the Hoeffding inequality, and compare the width of this interval with the with
of the approximate confidence interval given by the Bienaymé—Chebychev inequality.

Exercise 2.3.2 (Antithetic variables). Ler f : [0, 1] — R be such that

1
/ f(u)?du < +oo.
u=0

We study a Monte Carlo method to approximate

7= /u 1:0 F(u)du.

. LetU ~ U0, 1]. Show that J — % (ELfU)] + E[f(1 - U))).

Let (Uy,)n>1 be a sequence of independent copies of U. Show that

B o= 5 0 (F(U) + £~ U)
i=1

converges almost surely to J and compute Var(J5,).

Let
2n

be the standard Monte Carlo estimator of J which requires the same number of evaluations
of the function f as 35, (but twice more random samples). Show that Var(J3,) < Var(Ja,)
if and only if Cov(f(U), f(1 =U)) <0.

Assume that f is monotonic. Show that
E[(f(U1) = f(U2))(f(1 =Th) — f(1 - U2))] <0.
Deduce that in this case, Cov(f(U), f(1 —=U)) <0.

Conclude on the practical interest of the method.
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Exercise 2.3.3 (Stratification). Let X be a random variable in R? with law P and f € L%(P).
Let

7= / . f@PE) =B (X))

We assume that there is a finite partition of R% into m measurable subsets (Ak)1<k<m, called
strates, such that for any k € {1,...,m}:

* pr = P(A;) = P(X € Ay) is known (and positive);

s we know how to draw random samples (X¥),>1 under the law P(-|Ay) = P(X € | X €

Ap).
For integers ny,...,ny > 1 such that ny + - - - + ny, = n, we set
m 1 ng
P Tk gk ._ k
ng 4
k=1 1=1
where the samples (X})1<i<nys-- -, (X™)1<i<n,, are independent from each other. Last, we

define
Ve {l,....,m},  :=E[f(XD)], of:=Var(f(X})).

1. We first study generalities.
(a) Show that
m m m 2
Var(f(X)) =Y proi+ Y ok (Nk - me) :
k=1 k=1 =1
Give an interpretation of this formula.
(b) Compute IE[.:J\Z]
(c) How does EJ\Z behave when min(nq, ..., Ny,) — +00?
R m 202
(d) Show that Var(J}) = Z “hk
Nk
k=1
2. We now fix n and look for the optimal allocation of (ni,...,npy).
(a) Show that, for any ny,...,Nm,
m 2 mo 9 2
POk
< .
() <n327%0
k=1 k=1

(b) Deduce the optimal allocation (n7,...,nk,) in terms of variance (without taking into
account the constraint that ny must be an integer).

(c) What do you think of the practical use of this optimal allocation?

3. We finally study the proportional allocation n; = npy, assuming for simplicity that npy, is
an integer.

(a) Show that in this case n Var(i%) < Var(f(X)). Interpret this result.

(b) State and prove a Central Limit Theorem for T,
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(c) How to choose the strates to reduce the statistical error?

Exercise 2.3.4 (Importance sampling for Bernoulli distributions). Let P be the Bernoulli distri-
bution with parameter p. Assume that you want to implement importance sampling to estimate p.
What is the optimal distribution Q) on {0,1}?

Exercise 2.3.5 (Importance sampling with and without normalisation). In the setting of Subsec-
tion 2.2.2, the importance sampling estimator

75 = L3 ru)
i=1

where Y1,...,Y, are iid under Q) and w(xz) = 3 (x), rewrites as the integral of f under the

nonnegative measure

o

O

- 1 &
PS — - Zw(Yi)éyi.
i=1
1

In general, this measure is not a probability measure, because its total mass Yo w(Y;) may

be different from 1. One may therefore consider the normalised importance sampling estimator

> fw(Y;)
i=1

i=1
which is the integral of f under the probability measure

n

> w(Yi)dy,

PrIL\“S = =1

The goal of this exercise is to study the properties of this estimator. For simplicity, we assume that
f(x) # 0 forany x € E.

1. Show that iy's converges to J, almost surely.

2. Using the Delta method, show that

lim +/n (55'5 - J) =N (0, (02‘9'5)2> :

with
(0®)? = Var (w(Y)(f(Y) = 9)).

3. What is the optimal choice Q*N'S of Q which minimises (05'5)2, and what is the associated
NIS )2 ?

value of (O'Q*,,\“S

. . . . =2
4. We now want to compare (UgLs,le)2 with the optimal asymptotic variance 3~ — % of the

standard importance sampling estimator described in Proposition 2.2.5.

(a) What happens if f has constant sign, P-almost everywhere?

(b) Construct an exemple of distribution P and function f for which the normalised esti-
mator has a strictly smaller optimal asymptotic variance than the standard estimator.
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2.3.2 Further comments

The deterministic approach described in Subsection 2.1.1 is very basic. There are many more
developed deterministic integration methods, see for instance [5, Chapter 9]. They however all
suffer from the curse of dimensionality.

Hoeftding’s inequality is a typical example of a concentration inequality, which is an impor-
tant research topic in probability and statistics.

The variance reduction methods described in Section 2.2 only focus on decreasing o. There
are however alternative approaches. One may design sampling schemes which generate sequences
(Xn)n>1 which are not iid, but more space-filling. This is the basis of Quasi-Monte Carlo meth-
ods. On the other hand, when the sample size is limited by the computational cost of the evaluation
of the function f, surrogate modelling techniques seek an approximate model f which is cheaper
to evaluate and therefore allows one to increase the sample size.

The development of Monte Carlo methods is closely linked to the rare event setting. A nice his-
torical review with bibliographical references is available here: https://perso.lpsm.paris/~aguyader/files/biblioEVT.pdf.
The book [1] also provides details on variance reduction methods, in particular in the rare event
setting.


https://perso.lpsm.paris/~aguyader/files/biblioEVT.pdf
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Lecture 3

Markov chains and ergodic theorems

The next three Lectures are dedicated to the introduction of the Markov Chain Monte Carlo
(MCMC) method, whose goal is still to compute an integral of the form J = E[f(X)], but in
the situation where iid samples from X are no longer available. For example, if X takes its values
in a high-dimensional space F, drawing samples may be computationally prohibitive. The MCMC
method produces random variables X, X1, ... which are neither independent nor identically dis-
tributed, but which are such that % Ezlz_ol (X;) actually converges to J. The goal of the present
Lecture is to introduce such sequences, which are called Markov chains.

3.1 Conditional expectation and distribution

We work on a probability space (2, .4, P).

3.1.1 Conditional expectation
Discrete case

Let A, B € A be such that P(B) > 0. We recall that the conditional probability of A given B is
defined by
P(AN B)

P(AIB) = —5

This defines a probability measure P(-| B) on (2, .4)", which must be understood as the restriction
of P(+) to B, with normalisation constant P(B) ensuring that it remains a probability measure.
The expectation associated with this probability measure is the conditional expectation given

B, defined by
E[X1p]
VX e L'(P), E[X|B] .= ——2.
®),  EX|B] =
In particular, for any A € A, E[14|B] = P(A|B).
Let us now fix a random variable Z taking its values in some discrete space’ (F, F), and set
Fy:={2€F:P(Z=2z) >0}

Definition 3.1.1 (Conditional expectation). The conditional expectation of X given Z is the ran-

dom variable
E[X|Z] == ox(2).

'And also on (B, Ap) where the o-field Ap := {AN B : A € A} is called the trace of A on B.
This means that F is finite or countably infinite and F is the power set of F'.
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Since Z € Fz, almost surely, then E[X|Z] is well-defined, almost surely.
Proposition 3.1.2 (Properties of conditional expectation). Let Z € F and X € L(P).
(i) E[X] = E[E[X|Z]].

(ii) For any function ¢ : F — R such that $(Z)X € LY(P), E[¢(Z2)X|Z] = ¢(Z)E[X|Z],
almost surely.

(iii) If X and Z are independent, then for any measurable g : E X F — R such that (X, Z) €
LY(P):
(a) g(X,z) € LYP) forall z € Fy,
(b) Elg(X, 2)|Z] = G(Z), almost surely, where G(z) := E[g(X, z)] for any z € F.

Proof. Using Definition 3.1.1, we write

EE[X|Z] =Elex(Z2)] =Y ¢0z(z)P(Z =2) =Y E[X1z_,y] = E[X],
zeF zeF

where the use of the Fubini Theorem in the last equality is due to the fact that X € L*(P). This
shows (i). To show (ii), we write E[¢(Z) X |Z] = ¢4(7)x (Z), where for any 2 € F,

E[¢(Z)X1iz—0y] E[(2)XNz—y]  ¢(2)E [X11z—sy]

Po(z)x(2) = PZ=2  PZ=2) =2 P(2)ex(2),

so E[p(Z2)X|Z] = ¢(Z)E[X|Z], almost surely. Last, in the setting of (iii), writing

Ellg(X, 2)]] = D E[lg(X,2)|Liz=e3] = > P(Z = 2)E[lg(X, 2)]]

zeF z€Fy

ensures that for any z € Fz, g(X, z) € L'(P). Moreover, we have E[g(X, Z)|Z] = ¢,4(x,7)(Z).
where for any z € Fz,

E [g(Xv Z)]l{Zzz}] E [g(Xv Z)]l{Z:z}]

SDg(X,Z)(Z) = P(Z _ Z) = P(Z _ Z) =K [g(X, Z)] )

which completes the proof. O

Combining the points (i) and (ii) of Proposition 3.1.2 yields the following statement: for any
measurable and bounded function ¢ : F' — R,

E[Xy(2)] = E[E[X]Z]¢(Z)]. 3.1

Thinking of (X,Y) — E[XY] as a scalar product in L2(PP), the identity above shows that X —
E[X|Z] is orthogonal to the space of random variables of the form 1/(Z), so that E[ X | Z] is actually
the orthogonal projection of X on this space. This identity is the basis of the generalisation of the
construction.
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General case

We now let Z be a random variable in a measurable space (F, F) which no longer needs to be
discrete. In general, the event {Z = z} can have probability 0 for any z € F, so it no longer
makes sense to define the conditional probability P(-|Z = z), which was the basis of our previous
construction. We therefore rather rely on the geometric property (3.1).

Theorem 3.1.3 (Definition of conditional expectation). For any X € LY(IP), there exists a mea-
surable function ¢x : F — R such that px(Z) € L'(P) and for any measurable and bounded
Sfunction ¢ : F' — R,

E[X9(2)] = Elpx (2)%(2)). (3:2)

If there is another function @x with the same properties then ¢x(Z) = ¢x(Z), almost surely.
This ensures that the random variable

E[X]Z] := ox(2)
is well-defined, almost surely.

Proof. The proof is divided in three steps.

Step 1: case X > 0. We assume that X > 0, almost surely. For any M > 0, let us define
Xy = min(X, M) =: X A M. Since 0 < X < M, we have X € L?(P). On the other hand, let
V be the space of random variables of the form ¢/(Z), where ¢ : F' — R is a measurable function
such that ¢)(Z) € L?(P). Identifying random variables which coincide almost surely, it is an easy
exercise to check that V is a closed linear subspace of L?(IP). Therefore, by Hilbert’s Projection
Theorem, the orthogonal projection X}Q of Xy onto V is well-defined, and it satisfies

vp(Z) €V,  E[Xup(2)] =E[X3(2)]. (3.3)

Since XY, € V, there exists a measurable function px,, : F' — R such that X}, = ¢x,,(Z). As

a consequence, taking ¥ (z) = ]l{@XM+1 (2)<wx,, ()} and applying (3.3) to X and X 41, we get

E\(Xare1 = Xan) Wy, (2)<ex,, (Z)}} =E [(CPXMH(Z) — oxu () Wex,, ,, (D)<pxy, (Z)}] :

By construction of X s and X741, we have Xp;41 > Xy, and therefore

On the other hand, it is obvious that

E [((PXM+1 (Z) - SDXM(Z))]l{cpo+l(Z)<30XM(Z)}] <0.

Therefore,
E [((PXM+1 (Z) - SDXM(Z))]l{chM+l(Z)<30XM(Z)}] =0,

which means that almost surely, vx,,.,(Z) > ¢x,,(Z). The sequence (¢x,,(Z))n>o therefore
possesses an almost sure limit of the form ¢ x (Z) for some measurable function px : F' — R,
which is almost surely nonnegative since Xy = 0 and thus ¢x,(Z) = 0. By the Monotone
Convergence Theorem, we may therefore take the M — +oo limit in (3.3) to get that px (Z)
satisfies (3.2). The fact that px (Z) € L*(P) next follows by taking ¢)(Z) = 1in (3.2).

Step 2: existence in the general case. If X € L!'(IP) may change sign, one may apply the
previous step to the positive and negative parts [X]; = max(X,0), [X]_ = max(—X,0) of X
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and get measurable functions @[y, . ¢[x]_ for which it is then immediate to check that ¢ x :=
Yix], — P[x]_ satisfies the conclusions of the Theorem.
Step 3: uniqueness. Let px and @x satisfy the conclusions of the Theorem. By (3.2) with

¥(2) = Lo (:)>5x (=)} We have
E[Xvy(2)] = Elpx (2)¥(2)] = E[px (2)¥(Z)],
therefore
0=El(¢x(2) — ox(2))(2)] = Ellpx (Z) — ¢x(Z)] ],
which implies that [ x (Z) — ¢x(Z)]+ = 0, almost surely. By a symmetric argument, [px (Z) —
ox(Z)]- = 0, almost surely, and therefore px(Z) = ¢x(Z), almost surely. O
The properties stated in Proposition 3.1.2 remain true with this general definition.

Proposition 3.1.4 (Properties of conditional expectation). Let Z € F and X € L'(P).

(i) E[X] = E[E[X|Z]].

(ii) For any measurable function ¢ : F — R such that $(Z)X € L'(P), E[¢p(2)X|Z] =

&(2)E[X|Z], almost surely.

(iii) If X and Z are independent, then for any measurable g : E x F — R such that (X, Z) €
L(P), there exists Fy € F such that P(Z € Fyz) = 1 and:

(a) g(X,z) € LYP) forall z € Fy,
(b) Elg(X, Z)|Z] = G(Z), almost surely, where G(z) := E[g(X, z)| for any z € F.

Proof. The identity (i) follows from (3.2) applied with ¢)(Z) = 1. To get (ii), we first assume that
¢ is bounded and then write, for any bounded and measurable function v : ' — R,

E[(¢(2)X)9(2)] = E[X(6(2)9(2))] = E[E[X|Z]o(Z)b(Z)],
where we have used (3.2) for the second identity. By the Monotone Convergence Theorem, this
identity still holds true if ¢(Z)X € L'(P), and implies that E[¢(Z)X|Z] = ¢(Z)E[X|Z]. In
the setting of (iii), let px and puz denote the respective laws of X and Z. The assumption that
G(X, Z) € LY(P) means that

[ g elnx @oua(dz) < +ox,
(z,z)EEXF
which by the Fubini Theorem ensures that, 7 (dz)-almost everywhere,

[ o2l a) < o
reFE
We may therefore define
G(2) = / gz, 2)ux (dz)
reFE

on a subset F'; € F such that puz(Fz) = 1. Then, the Fubini Theorem again shows that, for any
bounded and measurable ¢ : F' — R,

Elg(X, Z2)(2)] = /( S (02

= G(2)¥(2)puz(dz)

zeF

= E[G(2)y(2)],
which by (3.2) shows that E[g(X, Z)|Z] = G(Z), almost surely. O
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3.1.2 Conditional distribution
Markov kernel

Let (E,£) and (F, F) be two measurable spaces.

Definition 3.1.5 (Markov kernel). A Markov kernel from F to E isamap P : F x & — [0,1]
such that:

(i) forany z € F, C € £ — P(z,C) is a probability measure;
(ii) forany C € &, z € F +— P(z,C) is measurable.

A good way to understand a Markov kernel is to think of it as a collection of probability
measures on F, indexed by I in a measurable way.

Lemma 3.1.6 (Right- and left-product). Let P be a Markov kernel from F to E.

(i) For any measurable and bounded function f : E — R, the function Pf : F — R defined
by

Vz € F, Pf(z):= /eE P(z,dx) f(x)

is measurable and bounded.

(ii) For any probability measure p on F, the map uP : £ — |0, 1] defined by

VCeE,  pP(C)i= / _HA2)P(.C)

is a probability measure on E.

(iii) If Q is a Markov kernel from E to some other measurable space (D, D), then the map
PQ : F x D — [0, 1] defined by

Wz B) € FxD, PQ(sB):= /EE Pz, d2)Q(x, B)

is a Markov kernel from F to D.

The proof of Lemma 3.1.6 relies on elementary measure-theoretic arguments and is omitted.

When the spaces D, F and F' are discrete, Markov kernels can be represented as rectangle
matrices, functions as column vectors and measures as row vectors. In this case, the notation P f,
uP and PQ introduced above exactly coincides with matrix and vector product.

Conditional distribution

Definition 3.1.7 (Conditional distribution®). Given random variables X € E, Z € F and a
Markov kernel P from F to E, P(Z,-) is a conditional distribution of X given Z if, for any
measurable and bounded function f : E — R,

E[f(X)|Z]=Pf(Z) = /GEf(w)P(Z, dz), almost surely.

3This definition is, in fact, the definition of a regular conditional distribution. In these notes we shall not discuss
nonregular conditional distributions and therefore we shall systematically omit the term ‘regular’.
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The following lemma provides an equivalent characterisation which is only measure-theoretic
and does not rely on conditional expectation.

Lemma 3.1.8 (Equivalent formulation and disintegration formula). Let P be a Markov kernel from
Fto E. Then P(Z,-) is a conditional distribution of X given Z if and only if, for any measurable
and bounded function g : E x F' — R,

Bla(x.2) = [ ( | ot z)P(z,dw>) uz(dz), (3.4)

where |z is the marginal distribution of Z.

Proof. Let P be a Markov kernel such that P(Z, -) is a conditional distribution of X given Z. Let
C € £and B € F. We have

P(X €cC, 7 € B) =E [IL{XEC}]I{ZEB}]
=B [LizenE [Lixee)|Z]]
E []l{ZGB}P(Za C)]

_ / Lisccnem Pz da)pz(dz).
(z,2)EEXF

By Dynkin’s Lemma, this shows that P(z,dz)uz(dz) is a probability measure on E x F', which
is the law of (X, Z).

Conversely, assume that (3.4) holds true, and let f : ¥ — R be measurable and bounded. For
any measurable and bounded ¢ : F' — R,

E [f(X)$(Z)) = /( o TP s (02

-/ ( erf(w)P(z,dm) b(2uz(dz)

= E[Pf(2)p(2)],
which shows that Pf(Z) = E[f(X)|Z], almost surely.

The identity from Lemma 3.1.8 allows to write the joint law y(x, 7y (dxdz) of the pair (X, Z)
as the product of the marginal distribution pz(dz) of Z and the conditional distribution P(z,dx)
of X given Z. In short,

f(x.z)(dzdz) = pz(dz)P(z,dz),
which we call a disintegration formula.

Example 3.1.9. We provide two elementary examples of manipulation of conditional distributions.

* Let N be a random variable in N, and (€;);>1 be a sequence of iid B(p) random variables,
independent from N. The conditional distribution of the random variable ZZJ\LI €;, given
N, is the Binomial distribution B(N, p).

* Let X be a random variable in R and' Y ~ N (0, 1), independent from X. The conditional
distribution of X +Y given X is N (X, 1).

Remark 3.1.10. As one may expect, the conditional expectation of X € L'(P) can be recovered
from its conditional distribution from the formula

E[X|Z] = / xP(Z,dx), almost surely.
el
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Theorem 3.1.11 (Existence of a conditional distribution*). If E is a Polish space® and & is its
Borel o-field, then X alwciys admits a conditional distribution P(Z,-), which is unique almost
surely in the sense that if P(Z,-) is another conditional distribution, then almost surely, for any

Ceé& P(Z,C)=P(Z0).

From now on we will simply call any Markov kernel P which satisfies the conclusion of
Theorem 3.1.11 ‘the’ conditional distribution of X given Z.

3.2 Markov chains and stationary distribution

We fix a Polish space E endowed with its Borel o-field £.

3.2.1 The Markov property

Definition 3.2.1 (Markov property). A sequence (Xy)n>0 of random variables in E has the
Markov property if for any n > 0, for any C' € &,

P(X,11 € C|Xo,...,X,) =P(X,y1 € C|X,), almost surely.
A sequence with the Markov property is called a Markov chain.

The Markov property states that, at time n, the conditional distribution of the future state X,
only depends on the past trajectory (Xo, ..., X, ) through the current state X,,.

Denoting by P, ;1 the Markov kernel from E to F such that P,;1(X,,-) is the conditional
distribution of X,, 11 given X,,, and by p., the joint distribution of (Xj,...,X,), the Markov
property yields the disintegration formula

,U(]:n(dm(] ce dmn) = ,U(]:n—l(dm(] ce dxn—l)Pn(xn—la dxn)

Iterating this formula we get

fo:n(dxg - - - day) = po(dao)Pr(zo,dzr) - - - Pr(zp—1,dxy,),

where 9 := Law(X(), which shows that the law of (Xo, ..., X)) is characterised by the initial
distribution 1 and the sequence of Markov kernels (P,),>1, which are also called transition
kernels.

Definition 3.2.2 (Markov chain). Let uo be a probability measure on E and (P,)n>1 be a se-
quence of Markov kernels from E to E. A sequence of random variables (X,,)n>0 in E such that,
forany n > 0, the law po., of (Xo, ..., Xy) satisfies

pom (dxg - - - dxy) = po(dwo) Py (2o, dey) - - - Po(2n—1,dxy),
is called a Markov chain with initial distribution o and sequence of transition kernels (P,)p>1.

We have shown above that a sequence with the Markov property is a Markov chain. Con-
versely, it is easy to check that a Markov chain has the Markov property.

4See Theorem 6.3 in Kallenberg, Foundations of Modern Probability, second edition.
A Polish space is a topological space which is separable (it admits a dense and countable subset) and whose
topology is induced by a metric making it complete.
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Exercise 3.2.3. Let (X,,)n>0 be a Markov chain with initial distribution 1 and sequence of
transition kernels (Py,)n>1. Show that the marginal distribution i, of X, satisfies the recursive
identity (i, = pn—1P,, for any n > 1, and therefore that ji,, = po P - - - Py.

The next statement is often useful to show that a given sequence (X, ),,>0 is a Markov chain.

Proposition 3.2.4 (Random dynamical system). Let X be a random variable in E with distribu-
tion 19, (Uy)n>1 be a sequence of independent random variables in some measurable space F,
independent from Xo, and (®,,),>1 be a sequence of measurable functions ®,, : E x F' — E.
The sequence (X,,)n>0 defined by

Vn > 1, Xy =@ (Xp—1,Up)

is a Markov chain, with initial distribution po and sequence of transition kernels (P,),>1 given
by
vVC € €, P,(z,C) :=P(®,(z,Up,) € C).

Proof. Letn > 0and C € £. On the one hand, by Proposition 3.1.4 (iii), since U,,+1 is indepen-
dent from (Xj, ..., X,,), we have

P(Xn+1 € C|X0, c ,Xn) = Gn+1(X0, . ,Xn),
Gn+1(33'0, e ,ﬂj‘n) = P(q)n+1($n, Un+1) € C)

On the other hand, by the same arguments,

P(Xps1 € ClXp) = Gui1(Xn),  Gui(@n) = P(®ps1(n, Uns1) € O).

We deduce that, almost surely, G,,11(Xo, ..., X,) = Gp11(X, ), which shows the Markov prop-
erty and provides the claimed expression for the transition kernel P, ;. O

3.2.2 Homogeneous chains

A Markov chain is called homogeneous if its transition kernel P does not depend on n: we shall
simply call it a Markov chain with transition kernel P, and often omit the term ‘homogeneous’.
In the setting of Proposition 3.2.4, the chain (X, ),>0 is homogeneous if the functions ®,, do not
depend on n and the variables U,, are iid.

Example 3.2.5 (Random walk on Ty). Let N > 1 and Ty := Z/NZ be the discrete torus with
size N. Given a parameter p € [0, 1] and a sequence of iid random variables (U;);>1 such that
P(U; =1) =p, P(Uy = —1) = 1 — p, the random sequence defined by

Xn+1 = Xn + Un+1 mod N

is called the random walk in T . If p = 1/2, this walk is symmetric.
By Proposition 3.2.4, it is easily seen that (X,,)n>0 is a homogeneous Markov chain, with
transition matrix given by

p fy=xz+1
Plz,y)=S1-p ify=a-1
0 otherwise.

As is shown in Example 3.2.5, when the space F is discrete, a Markov kernel P from E to E is
just a two-dimensional array (P(z,Y))syecE, such that each row P(z,-) is a probability measure
on FE. It may therefore be represented by a directed graph, whose vertices are the elements of F,
and such that there is an edge * — y if and only if P(x,y) > 0. The graph associated with the
random walk on T is represented on Figure 3.1.
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Figure 3.1: Graph and transition matrix associated with the random walk on the discrete torus Tj.

3.2.3 Stationary distribution

Definition 3.2.6 (Stationary distribution). Let (X,,),>0 be a Markov chain with transition kernel
P. A probability measure 7 on E is a stationary distribution for (X, )n>0 if

P =mT.
In other words, if Xy ~ m, then X; ~ 7 and by induction, X,, ~ 7 for any n > 0.

Exercise 3.2.7. Let 7 be a stationary distribution for (X, )n>0. Show that if Xo ~ m, then for any
n > 0and k > 1, the vectors (Xo, ..., X,) and (X, ..., Xgin) have the same distribution.

We now detail three examples, in finite, countably infinite and continuous state spaces, respec-
tively.

Exercise 3.2.8 (Random walk on T y). Show that, for the random walk model of Example 3.2.5,
the uniform distribution on Ty is the unique stationary distribution.

Exercise 3.2.9 (Mistakes in the lecture notes). Every year, a professor updates his lecture notes
by correcting some of the mistakes contained in the notes, but also introduces more mistakes. Let
X, € N be the number of mistakes contained in the notes at the end of the year n. During the year
n 4+ 1, each mistake is corrected with probability p, and the number of new mistakes is denoted by
Uy +1. We therefore have, at the end of the year n + 1,

Xn
1
Xnt1 = ZGZH_ + Unt1,
i=1
where E?H is the Bernoulli variable, with parameter 1 — p, which takes the value 1 if the i-th
mistake has not been corrected during the year n + 1.
)i>1,Un)n>1 is iid, and that for any n > 1, the variables

We assume that the sequence ((€]
™)i>1 is independent from Uy, and that U, is a

(€)i>1 are independent, that the sequence (€|

Poisson random variable, with parameter A > 0.

1. Show that (X,,)n>0 is a homogeneous Markov chain.
2. Assume that X is a Poisson random variable, with parameter p > 0. Compute the law of
23@1 eil, and then of X1.

3. Deduce a stationary distribution for (Xy,)n>0.

Exercise 3.2.10 (Autoregressive model). Let Xy be a random variable in R and (Uy)n>1 a se-
quence of independent N'(0,02) variables, independent from Xo. We fix a € (—1,1), and we
deﬁne (Xn)nZO by

Vn > 1, X, =aX,—1+U,.

1. Show that (X,)n>0 is a homogeneous Markov chain and compute its transition kernel.

2. Find a stationary distribution for (X;,)n>0.
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3.2.4 Reversibility

Definition 3.2.11 (Reversible Markov chain). A Markov chain (X,,)n>0 with transition kernel P
is reversible with respect to a probability measure w on E if

7(dx)P(x,dy) = w(dy)P(y, dz).

The identity in Definition 3.2.11 is called the detailed balance condition in statistical physics.
It is just a short-hand notation to say that, for any measurable and bounded f : £ x F — R,

/E . < yeEf <$7y>P(ﬂc>dy)> m(dx) = /y . < / eEf(;L",y)P(y,dx)> (dy).

When the state space F is discrete, it simply rewrites
Ve,ye B, w(z)P(z,y) = n(y) Py, z).

Proposition 3.2.12 (Reversibility implies stationarity). If the Markov chain (Xy,)n>0 is reversible
with respect to T, then  is a stationary distribution for (X, )n>0.

Proof. Let (X,,)n>0 be reversible with respect to m. Assume that X, ~ 7. Then by Defini-
tion 3.2.2, for any Cy, Cy € &,

P(XQ S CQ,Xl € Cl) = / ]l{xecmyecl}ﬂ'(dx)P(w,dy).

z,yeE

By the reversibility condition, the right-hand side rewrites
/ - ]l{meco,yecl}ﬂ'(dy)P(ya dx) = ]P’(Xo € Cl,Xl S Co),
RIS

which shows that the pairs (X, X1) and (X7, X)) have the same distribution. In particular, their
first components have the same distribution: X has the same law 7 as X, which shows that 7 is
stationary. O

Exercise 3.2.13. In the examples of Exercises 3.2.8, 3.2.9 and 3.2.10, is the chain reversible with
respect to the identified stationary distribution?

It is generally easier to find a stationary distribution by looking for measures with respect
to which the chain is reversible, rather than by trying to solve directly the stationarity equation
wP = 7. The example of birth-and-death processes, addressed in Exercise 3.6.6, illustrates this
fact.

3.3 Ergodic theorems in finite state spaces
3.4 Ergodic theorems in discrete state spaces
3.5 * Ergodic theorems in arbitrary state spaces

3.6 Complements

3.6.1 Exercises

Exercise 3.6.1 (On elementary conditional expectations). On a probability space (2, A,P), let
A, B € A. Compute E[1 4|15].
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Exercise 3.6.2 (Properties of conditional expectations). Let X € LY(P) and Z be a random
variable with values in a measurable space F'. Show the following properties of conditional
expectation.

1. If X and Z are independent, then E[X |Z] = E[X], almost surely.

2. Jensen’s inequality: for any convex function f : R — R such that f(X) € LY(P),
fE[X|Z]) < E[f(X)|Z].

Exercise 3.6.3 (Conditional variance). Let X € L2(IP) and Z be a random variable with values
in a measurable space F. The conditional variance of X given Z is defined by

Var(X|Z) = E [(X — E[X|Z])*|Z],
it is the variance of X under its conditional distribution given Z. Show that
Var(X) = Var(E[X|Z]) + E [Var(X|Z)],
which is sometimes called the total variance formula.
Exercise 3.6.4 (Some trivial Markov chains). Let 7w be a probability measure on E.

1. Let (X,)n>0 be a sequence of iid random variables with law m. Show that (X,)n>0 is a
homogeneous Markov chain and describe its transition kernel.

2. Let & be a random variable with law =, and let (Y;,),,>0 be the random sequence defined by
Y,, = & for alln > 0. Show that (Yy,)n>0 is a homogeneous Markov chain and describe its
transition kernel.

3. What can you say about the law of X,, and Y, for any n > 0? And what about the law of
the vectors (Xo, ..., Xy) and (Yy, ..., Yy)?

Exercise 3.6.5 (The Ehrenfest urn). Consider a box divided into two compartments, called A and
B, and which contains N particles, see Figure 3.2. At each step, one particle is chosen uniformly
at random and moved to the other compartment. There are at least two ways to describe this
dynamics.

A B

Figure 3.2: The Ehrenfest urn with N = 10 particles.

The microscopic description consists in recording the compartment in which each particle
is located, so that a configuration is a vector v = (x',...,2V) € Epicro := {A,B}. The
transition matrix of the dynamics is given by

1 . '
P(z,y) = { ~ if v and y differ from exactly one coordinate,

0 otherwise.
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The macroscopic description consists in recording merely the number of particles contained
in the compartment A, so that the configuration space is Epacro = {0, ..., N}, and the transition

matrix is given by
N—k k
Pk k+1) = —— Pk k-1 =—
( ) + ) N ? ( Y ) N’
and the other coefficients are 0.

1. Show that the uniform distribution on E\,ic;, is stationary for the microscopic description.

2. If X = (X',..., XN) is a random vector uniformly distributed in E\icro, what is the law
of the corresponding macroscopic configuration K = ZZJ\LI Lixizny?

3. Show that the law of K is stationary for the macroscopic description.

Exercise 3.6.6 (Birth-and-death process). A birth-and-death process is a Markov chain with state
space N and transition matrix of the form

P(z,z +1) = py, z >0,
P(x,z—1)=1-—p,, x>1,
P(0,0):l—po,

where, for any x € N, p,. € (0,1). The corresponding graph is plotted in Figure 3.3.

Po D1 D2 D3

1 —po
1 2 3 4
1-m 1—po 1—ps 1—py4

Figure 3.3: Graph of the birth-and-death process.

+o00
-1
For any x > 1, we set o, = Pa , and assume that E ay < +o00.
— Pz
r=1

1. Find a probability distribution 7 on N such that the birth-and-death process is reversible
with respect to .

2. When p, = p forany x > 0, what is m?

Exercise 3.6.7 (The coupon collector). A brand of chocolate eggs hides surprise gifts in each egg.
There are N different models of gifts, each of which is equally likely to be hidden in a given egg.
We denote by X,, € {0, ..., N} the number of different gifts that you have collected after eating
n eggs, and Ty = inf{n > 0: X,, = N} the time at which you have found all eggs.

1. Show that (X, )n>0 is a Markov chain and write its transition matrix.
2. Is this chain irreducible?
3. Describe the set of its stationary distributions.

4. Compute Ey[Tn] and give an equivalent of this quantity when N — +oo. Hint: define
nmo = 0and, fori € {1,...,N},n; = inf{n > 1: X, 4+, = i}. How to express 7y in
terms of 71, ..., nn? What is the law of each n;?
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5. Show that, for any ¢ > 0, P(1y > [NIn N + ¢N]) < e~ Hint: fori € {1,..., N} and
k > 1, introduce the event Af = {no gift of the i-th type has been found in the first k eggs}.

Exercise 3.6.8 (Some nice pictures to plot). Let Ay,..., A, € R? be the vertices of a convex
polygon P. Consider the random sequence (X,,)n>0 in P constructed with following algorithm:
draw X arbitrarily in P; and at the n + 1-th step, choose a vertex Ay, uniformly at randomly, and
let X, 11 be the midpoint between X,, and Ay.

1. Show that (X, )n>0 is a Markov chain.
2. Implement this algorithm and draw some realisations of (X, )n>0.

3. For p = 3, can you formulate a conjecture regarding the support of the stationary distribu-
tion of the chain?

3.6.2 Comments
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Convergence to equilibrium of Markov chains
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The Markov Chain Monte Carlo Method
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Stochastic processes, Brownian motion and It6 calculus
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Stochastic differential equations
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Stochastic differential equations
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Long time behavior of diffusion processes
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Asymptotic efficiency of importance sampling through large deviation theory
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Splitting algorithm for rare event
estimation
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Splitting algorithm for rare event estimation
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